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FOREWORD 



In April 1961, an advisory committee on secondary school 
mathematics convened at the Department to discuss the direction 
that secondary mathematics curriculum revision should take* 

This committee consisted of college and secondary school 
teachers, supervisors, administrators, and a consultant from one 
of the national curriculum programs. As a result of this 
meeting, the recommendation was made that a revision of the 
mathematics 7-8-9 program be undertaken Immediately. 

This Is the first of several experimental editions contain- 
ing materials and methods In the teaching of a revised mathe- 
matics program In grade 9. These materials will be tested In 
the schools of the State and carefully revised when adminis- 
trators and teachers have had an opportunity to evaluate them 
while In operation In their schools. The material will serve 
as an optional alternative course of study for mathematics In 
grade 9 until such time as the necessary revisions have been 
completed. 

The materials In the 9X experimental syllabus are based 
upon the foundations laid In the 7X and 8X experimental 
syllabuses. Therefore, It Is to be understood that the 7X and 
8X experimental courses are a prerequisite to the 9X experi- 
mental course. As In the 7X and 8X syllabuses, the chief 
emphasis Is placed upon the understanding of basic mathematical 
concepts as contrasted with the all-too-frequently used program 
In which the mechanics of mathemstlcs receives the greatest 
stress. The general approach and content used Is that agreed 
upon by leading mathematical authorities as the most desirable. 
In the actual teaching of the program major emphasis Is placed 
upon the "discovery process." The principal function of the 
teacher Is to carefully set the stage for learning In an 
organized fashion such that the pupils will "discover" for 
themselves the fundamental concepts Involved. 

The materials In the mathematics 7*. 8X, and 9X sxperl- 
mental syllabuses Include much of what today are called the 
basic Ideas and concepts of mathematics. These concepts are 
those which the pupils will use throughout their study In 
mathematics • With this material the teacher should be able to 
aid the pupils to see the beauty of mathematics In terms of the 
fundamental structure found In mathematical systems. The 
Important unifying concepts Included In the new course of study 
for the ninth grade are t 

. Algebraic Expressions and Open Sentences 

. Analysis of Algebraic Problems 

• The Set of Real Numbers 

. Properties of Exponents and Radicals 

. Operations with Polynomial Expressions 

• Quadratic Equations 

. Open Sentences in Two Variables 

. Relations and Functions 

• Trigonometric Functions 
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A new na them* ti cal curriculum is not the sole answer to 
the improvement of metheMtice Instruction. Moot Inport.nt 
perhaps is the method of presenting the material. If ™e 
teacher develops lesson plans that vi 11 lij?" 
discover concepts for themselves, the teaching and learning 
of mathematics will become excitingly different and no longer 
remain the dissemination of rules and tricks. 

Unit 1. Sets, is essentially a review of the fundamentals 
presented iA thTfa and 8X material. This unit should be 

presented for background since the basic Units 

developed using the concepts involved with "Ration. Units 
o -a and h.. alge braic Expressions . The. Set Qji Integers > ajj® 
Onen 'sentences introduce concepts in the study of algebra which 
7SS the essential foundation for the ninth year course. 

A special committee was formed to review the 9X syllabus 

and to make recommendations for the wrlbln f l.Anool 1 

committee consisted of the following* David - h 

School* Beniamin Bold, Coordinator of Mathematics, nigh 
Qohnni in vision New York 6ity Board of Education; Mary Cha Ills, 
PUttibSwh HlSi School, Fp.ncls For.n, G.rden City Junior High 
Fil.no? Maderer Coordinator of Mathematics, Board of 

Iducatlon, Utica; William Mooar, Benjamin v'l^on ard Sh 

School Kenmoret Verna Rhodes, corning Free Academy, Leona 
Simon 'curriculum Center, New York City; Joan Vodek, Chestnut 
Hill Junior High School, Liverpool; Frank Wohlfort, 

“ »thSStlSf JiSSS 4lS School Division, New fork City Herd 

of Education. 

The materials for the 9X syllabus were written by Charles 
Burdick coordinator and teacher of mathematics, Oneida Junlo 

HlX sSioSl? ISSSSrtXy. The project •»» “ dar 

the loint supervision of this Bureau and the office of Frank 
Hawthorne supervisor of mathematics education, who guide 
planning. Georgette MacLean produced the drawings. Aa J*° n 
SShEm? associate in mathematics education, reviewed and 
revised the original manuscript. Herbert Bothamley, acting a 
temporary curriculum associate, edited and prepared the final 
manuscript for publication. 






Gordon E. Van Hooft 
Chief, Bureau of Secondary 
Curriculum Development 



Warren W. Knox 
Assistant Commissioner for 
Instructional Services 
(General Education) 
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UNIT Is 



SETS 



PART 1: BACKGROUND MATERIAL FOR TEACHERS 



I. I INTRODUCTION 

This unit Is a quick ravlav of tha topic of sats as 
covarad In tha Mathematics 8 X course and Is an extension of tha 
basic concepts of sats to Include Batching sets, complements of 
sats, Cartesian sats, and further work with Vann diagrams and 
Euler circles. It la not intended that a great amount of time 
be devoted to this unit. A day or two devoted to review and a 
few days for the new material should prove sufficient. It Is 
assumed that the pupils have completed the Mathematics 8 X 
course and are familiar with the basic concepts of sets 
Included In that course. 



1.2 REVIEW OF SETS 



This section is a review of the concepts of sets contained 
In the Mathematics 8 X course. Before beginning this review It 
may be advisable for the teacher to re.ad Part J,: Background 

Material £&£ Teachers , Unit 1 Mathemati cs HX. In this section, 
more use Is made of set notation symbols than In the Mathe- 
matics 8 X course. Such symbols Include: £ , 4 , a » <L » C . » 
and [r\ > £A}. r ^ 



The symbol £ Is used to Identify an element as being a 
member of a certain set. " € A" is read "a Is an element of 

set A." The capital letters are used to represent sets and the 
lower case letters a.?e used to represent elements In a set. 



The symbols, Is used to Identify a set which Is a subset 
of a set. A&B means that set A Is a subset of set B. Every 

element In set A Is also an element In set B. Set A is a 

proper subset of set B if set B contains every element that Is 
In set A plus at least one additional element. If A Is a 
proper subset of set B, the symbols KGB are used. The 
symbols j£ • <f , and G are the negations of the symbols £ .c , 
^respectively. r 

The symbols {■* | 7* £ A} describe a certain set. The 

braces (} are a symbol for a set. f y I ye. £ A] Is read 
"all x such that x Is an element In set A." ( 9 c | TC > 2} 

Is one way of Identifying the set of all x greater than the 
number 2. If the universal set Is the set of all real numbers, 

then [> I > > 2] Is the set of x, where x Is a real number, 

such that x'ls greater than 2 . 

The distinction between the use of the symbol £ and the 
symbol c should be made clear to the pupils. The symbol £ Is 
used In reference to an element; the symbol c Is used In 
reference to a subset. Sometimes pupils get these two symbols 
confused. 
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1.3 MATCHING SETS 

Two sets are called matching sets If for every element In 
the first set there Is a corresponding element In the second 
set and for every element In the second set there Is a corre- 
sponding element In the first set. When the elements of two 
sets can be matched In this way, the relationship Is called a 
one-to-one correspondence between the two sets. 



Two seta with the same number of elements are matching sets. 
Also, many Infinite sets are matching sets. For example, the 
set of natural numbers and the set of even numbers are matching 
sets. There Is a one-to-one-correspondence between the elements 
of the two sets. _ 

f 
8 , 



{ 2 , 



2 , 

l 

V, 



3, 

$ 

6 , 



?»•••} 

% , 
10 ,...] 



l.»f PICTORIAL REPRESENTATION OF SETS 

The most common method of representing 
by the use of Euler circles and Venn 
diagrams. The eighteenth-century Swiss 
mathematician Euler introduced the Idea 
of using circles to represent sets and 
the nineteenth-century British logician 
Venn Introduced further refinements, 
notably the use of three intersecting 
circles enclosed In a rectangle to 
Illustrate all possible Intersections 
of the sets. The rectangle represents the universal set and 
the three circles the sets A, B, and C. 

Since the pupils have already had experience with Euler 
circles and Venn diagrams, It may be more Interesting and 
challenging for them to use geometric figures such as triangles 
to represent sets. Below are two diagrams showing how various 
geometric figures may be used to represent sets. 



sets pictorially is 





The union and intersection of sets may be shown in Euler 
circles by shading in appropriate portions of the diagrams. 

This method may be used to demonstrate the following properties 
of union and Intersection. 

(a) AliB = BUA Commutative property of union 
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(b) AHB = B DA Commutative property of intersection 

(c) (AOB)UC = A U(BUC) Associate property of union 

(d) (AnB)flC = A H(B OC) Associate property of 

intersection 

(e) AU(BflC) = (A UB) fi(A UC) Union distributive over 

intersection 

(f) AH(BUC) = (A fjB) U (A flC) Intersection distributive 

over union 

For example, to demonstrate Afi(BUC) = (AHB)U(Anc) 




sue 







(AOB) U(AflC) 



An(BUc) = (aO b) u (aO c) 

This is not a proof that intersection is distributive over 
union; it merely demonstrates the property. The proof would 
have to consider all possible arrangements of three subsets of 
a universal set. Such a proof would be quite an undertaking 
due to the large number of possible arrangements of three sub- 
sets in a universal set. There are over 20 different possible 
arrangements, three of which are illustrated by the following 
Euler diagrams. 




One interesting fact is that there are two distributive 
laws. Union is distributive over intersection and intersection 
is distributive over union. For this reason, union is not 
analogous to addition and intersection is not analogous to 
multiplication. Union is distributive over intersection but 
addition is not distributive over multiplication; 

2 +(3*4) * (2+3) * (2+4). 
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The complement of a set with respect to a given universe 
Is the set of all elements in the universe that are not in the 
given set. The complement of set A is the set of all elements 
in the universal set that are not in set A. Symbols uj® d *° r 
the complement of set A are A, A', and~A. ^he 

notation A is used but A' and "'A may be used ** d ®*i*®^ k * h ® 
reason for the use of X is that this type of notation *akes 
complements of intersectionjLand unions ® a ®^ ft 
The complement of AtIB is AUB. This may be more easily 
recognizable to the pupil than (AUB)'. 
usually restricted to negations of propositions in 
However, this notation may also be used to indicate a complement 

of a set. 

Euler circles may be used to demonstrate two interesting 
relationships involving complements. The P^P 1 ®®®”* 
union of two sets is equal to the intersection of the comple- 
ments of the two sets. The complement of the intersection of 
two sets is equal to the union of the complements of the two 

5etS * A UB = A H B 

aTTb = a ub 

These two equations express what are called de Morgan's 

laws. 




AUB 





AUB 








B 



ArtB 



AUB = AflB 




AflB 




a?Tb 



r 



o 

ERIC 





1.5 CARTESIAN SETS 

The set of ell possible ordered pairs formed from the 
elements of two given sets Is called the Cartesian product of 
the two sets or the Cartesian set. 

For example , A * [2, 3, 4} 

B = [1, 5, 9, U} 

The Cartesian produdt, written A x B, is the following set 
of ordered number pairs. 

(2, l) <3, 1) 

(2 » * 2 * 8 

( 2 , 9 ) ( 3 * 11 ) 

The elements In set A are the* first numbers In the 'ordered 
number pairs. 



(4, 1) 
(4, 5) 
(4 9) 
(4,11) 



A x B Is read A cross B or A crossed onto B. A set may 



also be crossed onto Itself. 



A x 



A where 

( 1 , 1 ) 
( 1 , 2 ) 
(1, 3) 
(1, 4) 



fl. 



( 2 , 2 ) 
(2, 3) 
(2, 4) 



For example, the Cartesian set 

18 < 3 * ft- l\ 

(3, 2) (4, 2) 



<3, ?\ 
(3, 4) 



(4, 3) 
(4, 4) 



Cartesian sets may be 
graphed using a set of co- 
ordinate axes. The graph Ax A 
where A = {1, 2, 3» 4} Is 
shown at the left. 



The set or sets being crossed may also be Infinite sets. 

A - {x | 1 £X £.5} 

B = {y |2£ y £3} 
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It is impossible to list all v 
the ordered number pairs in 7 
such a Cartesian set but it 
may be graphed as shown at 
the right. 3 * 

2 - 




1 




JL 

2 



» * 

3 4 



j- 

6 
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The Cartesian product A x B may also be described as: 
A x B = { (x, y) | x C A, y CB,) or 

A x B = { (x, y) | 1 £ x £, 5 and 2 < y <3} 



1.6 SOLUTION SETS 

The answer or answers to a problem may be called the solu- 
tion set to the problem. For example, the solution set of the 
equation x2 * 16 is j>, -V}. Until quadratic equations are 
Introduced in unit 9, the solution set of almost all problems 
will consist of a single element. It may take some effort to 
develop the idea that a solution set may consist of only one 
element. The solution sot may also consist of the null set. 
Pupils must be careful not to confuse the set {0} with the 
set 0. The solution set of x + 1 = 1 is {0}. The solution set 
of x * x + 1 is 0. The pupils must also be careful not to 
confuse fol with fall roal numbers}. The solution set of the 
equation x +1 = x +1 is not {0}; the solution set is 
{all real numbers}. 

The topic of solution sets is covered in much more detail 
in later units. In this unit, tho term should ba introduced 
and used so that the pupils will be familiar with the concept 
when it is used in later units. 



Teacher Notes 
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UNIT Li 



SETS 



PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE 



L.L INTRODUCTION 

The questions and activities in this unit Bay raquira tha 
usa of ruler and compasses for drawing EuLer circles, Vann 
diagrams « and othar pictorial raprasantation of sttse - 

graphs to ba drawn ara simple anough not to raquira tha usa of 
graph paper. Questions and activities contained in flolt 1, 
px and questions and activities from other texts 
ba usea to supplement the material in this unit. 
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L.2 REVIEW OF SETS 

££Q 2 £j 2 £s Sat notation* 



( 1 ) 



(a) 

(b) 

(c) 

(d) 



Anawar tha following questions. 

wnatls a sat? . .. , 

What name is given to tha things or concepts that 
comprise a sat? 

Name two ways of describing a set. 

How may tha sat of numbers 6, 8, 11, and i*f, be 
expressed in sat notation? 



OAU1V9DVU XA* HwaavAv..- a 

(a) If tha sat of numbers 6, 8, 11, and 14 is 
identified by tha latter A, how may this ba 
expressed in sat notation? 

(f) How may tha fact that 6 is an eLement in sat A 
be expressed in sat notation? 

ta^ W# £ S set is a group or collection of objects or 

concepts which have soma property or character- 
istic in common. 

(b) The things or concepts comprising a set are 
called the members or elements of the set. 

(c) A set may be described by listing each element 
in the set or by describing the common property 
of all the elements in the set in such a way 
that there is no doubt as to which elements are 
in the set. 

?6, 8, LL, 14} 



(d) 

(e) 

(f) 



IP- 



8, 11, 14} 



( 2 ) 



Tndloata whather each fi£ Hit following If J till* 

fiWl. 3, 5, 7, 9] 

(b) a 4t [a, b, c, d, e} 

(c) square C fall parallelograms] 

(d) 17 £ fall prite numbers] 

(e) 4 c (all even numbers} 

Answers i , v 

(a) False (b) False (c) True (d) False (e) True 
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( 3 ) 



Sets My also ba expressed In notation such as 
(x l x Is a book}. This notation Is read "the set of 
all x such that x Is a book." The set of all numbers 
greater than 10 My be expressed as (x x >10}. 

Express MMSh Si HhS. following Jja this sL 



(a) The 


(b) 


The 


(c) 


The 




and 


(d) 


The 


Answei 


r>: 


Til 




x 1 


(b) 




> l 


(c) 




x ! 


(d) 




> 1 



b such that b Is red. 



Concept ! Finite and Infinite sets. 

(4) , % HuattE Ull Igllaopg questions. 

(a) whatls a finite set? 

(b) What Is an Infinite set? 

(c) Identify each of the following as being either 
a finite or an Infinite sett 

1. The set of all molecules of gases In the 
atmosphere. 

The set of all natural numbers less than 100. 
The set of all real numbers greater than 5 
and less than 10. 

A * {6, 8, 10, 12... 68} 

B = {2, 4; 6, 8...} ' 



2 . 

3 . 

4 . 

5 . 



(b) 

(c) 



wars : 

A finite set Is 



a set which contains a finite 
number of elements. 

An Infinite set Is a set which contains an end- 
less number of elements. 

1. A finite sot 2. A finite set 

3. An Infinite set 4. A finite set 

?. An Infinite set 



Concent ! Equal sets and null set. 



( 5 ) 



(a) 

(b) 

(c) 

(d) 

(•) 



Answer Hu following qqfgUoQg* 

What Is meant by equal sets? 

If two sets contain the same elements but In dif- 
ferent order, are the two sets equal sets? 

If two or more sets contain no elements are they 
equal sets? 

What Is the name and symbol for a set which 
contains no elements? 

How Mny null sets are there? 



m?u.i .. t , 



its which contain the same 



cqi 

elements* 

(b) Yes, two sets art equal sets If they contain the 
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(c) 

(d) 



(•) 



sane elements even though the elements ere in 
different orders in the two sets* 

Sets with no elements are equal . 

A set with no elements is called the empty *•* 
or the null set. The symbol for the null set is 

There^ Is only one null set. It is always 
referred to as the null set. 



Concept ! Subsets • 



( 6 ) 



(7) 



(a) 

(b) 

(c) 

(d) 



(•) 



(b) 

(c) 

(d) 

(e) 



(a) 

(b) 

(c) 

(d) 



Answer following AHSfl&lfiOft; . 

what is the name given to the largest set under 

The S elements n of a universal set may be g*o“PjJ 
in various ways to form several sets, what are 

these new sets called? . . - « h _ 

How may the fact that set A is a subset of B be 
expressed in set notation? 

If a set A is a subset of set B, and set B 
contains one or more elements net contained in 
set A, what special type of subset is set A? 

How may the fact that set A is a proper subset 
of set B be expressed in set notation? 

**The universal set 

Subsets of the universal set 
i£B 

Set A is a proper subset of set B 
AC B 

Anam itoa. fgUwint qmgtipnij 
what is the definition of a subset? 

Is any set A a subset of set A? 

Is the null set a subset of every set? 

List all possible subsets of the set 11, 2, 3j» 






"If every element in set \ is also an element in 
set B, then set A is ft f.ubset of set B. 

(b) Every set is a subsot or itself. 

(c) The null set is ft subset of avery 

d) 11, 2, 3}, U , {2}, {3}, {!• 2}, Cl, 3), 
£2, 3}, 0 

expression MLCM M 



(8) Tnaert in ihfi blank In &£& ±£SL£SMlSR Wm V 

proper symbol from the following: € , jt »C » £ * <f- ’ 



ptypor gym , 

aril £.*{. 







b j j— {■» b « °} 

[kj _rrs» v c i 
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(9) 



( 10 ) 



m 

(c) € 

(d) = 



r»: 



OP 



or 



(•) 

(f) 

<g) 



t 



or J* ^ 



Bo low in fonr seta . Indicate which »t3 1£1 
subsets QXL fi, ££ lfltl 111 ifefi flttltE EfiiA* 

nu! Si * “ !:k“ 1 ‘ 

Answer : Set E la a subset of each of the other seta* 
Set B is a subset of set A and of set D. Set D Is a 
subset of set B and of set A. Set C is a subset of 
set A. Each of the sets Is a subset of Itself. 



Qlvn following ai&g 

* * (1, 3, 5, 7] b M3. 5) 



sets : 

0 = [1, 3, 5, 7, 9, 11) 

Wb.l ««ch g£ ilu following «t.t«..nt. u tru« at 
false. 

(a) B ft A Cd) 

(b) B £(! (e) 

(c) A«B (f) 



Answers : 

Taj True 

(b) True 

(c) False 

(11) H = {w, x, y } 
Indicate 
or false . 

(a) ICK 

(b) KCI 

(c) H C.I 



0 SB 


(g) 


B <=A 


A SC 


(h) 


CSA 


AcC 


(1) 


B SB 


True 


(g) 


True 


True 


(h) 


False 


True 


(1) 


True 


if ®f y» 


*f y, *) . 


KCH 



(d) HCK 

(e) ICH 



(d) False 

(e) False 



Answers: 

Ta) False 

(b) True 

( c) True 

( 12) Given ACB, B C C, ml CCD answer lbs follow- 

(b) Is A CD? 

(c) If x € A, la x € D? 



Answers: 



(b) 



(c) 



Every elenent In set B Is also In set C. Every 
element In set C la also In set D. Therefore, 
every element In set B must also be In set D. 
BCD. 

Every element In set A Is also In set B. Every 
element In set B Is In set D. Therefore, every 
element In set A Is also In set D. AC D, 

Yes, because A C D. 



Concept : Relationships of sets. 
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( 13 ) 



(14) 



(a) 

(b) 

(c) 

(d) 

(e) 



(f) 



How «ay tha union of sat a A and B be expressed? 
What is meant by tha interaction of two sets? 
How nay tha intersection of sets A and B be 

If P the union of sat A and sat B is expressed in 
sat notation as A U B = [x I x C A or x f 
how way tha intersection of sat A and sat B he 

expressed? ....... . „ 

What is aaant by disjoint sat s? 



M Vt $h i union of two s.to * «nd B is th. third »t C 
formsd by grouping ths olMsnts In sot A with 
the alaaants in sat B without repeating elements 
which are in both sets* 

(b) A U B. . . . _ . . . 

(c) The intersection of two sets A and B is the 
third set C composed of every element that is 
an element in both set A and set B* 

AO B. 



(d) 

(e) 

(f) 



A fl b’= [x | x € A and x € Bj , 

Disjoint sets are sets that nave no elements 
coanone Tholr intorssction is ths null sste 



In 



JX A = f 11, 13, 15}, B = 

jni c * [14,16’, 18 , ao1,xind 

(a) AU B (c) A 0 



= {13, 15, 17, 19), 



(b) 1UC 

Answers : 

(a) AUB 

(b) A U C 

(c) A 0 B 

(d) A fl C 

(e) BUC 

(f) B n C 



= 0 



(c) kl) B 

(d) A n C 

11, 13, 15, 17, 19} , 

11, 13, 14, 15, 16, 18, 20} 
13, 15} 



[13, 14, 15, 16, 17, 18, 19, 20} 

0 



(e) BUC 

(f) B n C 



(15) 



1D& 

(a) 

(b) 

(c) 

(d) 

(e) 



# K £• 

(ACIB)U 
A U(B UC 



6 

20 

. _ C 

A U(B UC) 

(a n b) n c 
a n (b nc) 
(A U B) n c 



I: 



B = [6, 

lisi* 



12 }, 



Answers: 

(a) (A U B) U C 

(b) AU(BUC) 

(c) (AH B)fl C 

(d) A fl (B flC) 

(e) (AUB)HC 

(f) A U(BOC) 

(g) (A U B) fl (A U C) 

(h) (A n B) u c * {4, 

(i) A n (BUC) = (4d 

(j) (a n b) u (a n c) 



s 



I: 



6 ' 

61 



(f) A U(B nc) v 

(g) (AUB)n(AUC) 

(h) (AHB)UC 

(i) A H(B UC) 

(J) (An B) U (Ape) 



12 , 20 ] 
12 , 20 



Si w 

* [4, 6} 
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1.3 HATCHING SETS 



Concept s Definition of Hatching sots. 



(1) Given two sets, If for each element In the first set 
there Is one and only one corresponding element In 
the second set and If for each element In the second 
set there Is one and pnly one corresponding element 
In the first set, the two sets are called Hatching 
Seta. There Is no particular order In which the 
elements are to be paired. For example, the elements 
In the sets [l, 2, 3} and {A, B, 0} nay be Batched 
In a number of ways. 



I’ $ 

(A, 5, 0} 

{1. 2. 3} 

{f, f, i) 



St I; 1! 

1 1 1! 

two 
inlp 



{ *’ I’ f 

{C, B, l) 

{1, 2, 3} 

A l h 



two sets can be matched In this 
manner, the relationship Is called 




lilt following. Indicate ghtthll SL 
seta la a pair of matching seta . 



(b) 

(c) 

(d) 

(e) 



B 

C 

D 

W 

X 

Y 

Z 

s 

T 



= {2 




When the elements of 
manner, the relationship Is called a one-to-one cor- 
respondence between the two sets. When a one-to-one 
correspondence exists between two sets, they are 
matching sets. 

each j 

pair i 

pair sL matching nil, Indicate least ani 

SJ “ lsSr 

,2, 4, 6, 8, 10} 

,1» 2, 3» 4, 5) 

2, 6, 8, 10} 

3, a, 4, B, 5, C} 

, 2 , 3 » ♦ ♦ ♦ } 

? K, M, N} 

Bill, Mary, Jane, 

l» 2, 3» • • • } 

102, 104, 106, 108, 110,...} 



Joan} 



Ana WH» 

(a) They are matching sets. 

A: {16, Texas, 32, 7, Bill} 

B, [I, 8, &,t l ) 

(b) They are matching gets. 

c * i* If* 

D: (2, t, o, 8, lo} 

(c) They are not hatching sets. 

(d) They are not matching sets. 
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(o) They seta 

Ss k 




i * i ’'" 1 



T* {102, 104, 106, 108, 110,...} 

AIM .till 111 Si natural AH 

even nat^TI nuabers Matching 

An aver : 

lei they are Matching sets. 



l.b PICTORIAL REPRSSRNTAT ION OP SETS 

Concent * Use of geonetrlc figures to represent aeta ; 

.. .. .ml nfka. (• fl fllPtl UV 



represent set C. The relationships anong cne *nree 
sets May be represented as shown In the following 

diagram. 



With reference J& J&t sbov.e. dlasraa. dfi lilt 

Wln<UB. 

(b) List the elesMnts In A UB. 

(c) Shale In A UC. 

(d) List the elenents In A U C. 

(e) Shade In A H B. 






i 



A 
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(f) List the elenents In A fl B 
j_ /* n nMl n 
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Answers : 

(a) 





(d) AUC = [1, 4 , 7, 10, 11, 17 , 25 , 36} 

(e) 




(f) A 0 B = {7, 10, 11} 




(h) (A n B) U C = {4, 7, 10, 11, 25, 36} 
( 1 ) 




(j) (An b) nc = {7, 10, 11} 

(2) It is common practice to use a rectangle to represent 
the universal set and circles to represent subsets 
of this universal set. These are called Euler 
circles. On the following page are five possible 
relationships between two sets that can be represented 
by Euler circles. 



14 




n b 



m,n ca te which al ite atm a dlagi ama nnwtrrt a* 
each of the f9ll9 w lM>* 

/ \ i r* n (®) 

(b) AnBM 
(C) A£B 

(d) A = B (1) (h) 



(3) 



A U B = A 
a n B = A 
AflB/A 
V,w A nu = B 
In diagram No. 4 shade in A OB. 
In diagram No. 4 shade in A n o. 



4DiSi2£ ! . ,, 3 (c) No. land Ho. 2 <d) Ho. 2 

: E a (O H°o! i (.) HO. 3. NO. 4. and Ho. 5 



(h) No. 2 

(i) 




(3) 




(3) Below are representationsofthreesetsD^ ’ D ^ a g ram 

and some possible ^ la ii°*?® h iP! s a 2 aSh having an inter- 

a Venn diagram. 



C V 




V 


O 







No. 1 



No. 2 
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No. 3 



No. 4 





No. 6 





No. 7 




Shads in diagrm Hfi. 5 is atoa ***& ^ ^ 



following ; 

(a) A U | B 

(b) AUC 



(c) 

(d) 



B UC 
A n B 



(e) AflC 

(f) B n C 



Answers: 

(a) (») 




4 



AUB 



Allc 






xnc Bnc 




! ! 

♦ 

V 



Concept : Properties of union and intersection. 

(4) Darken a portion n£ A BOO diagram CQP£«a«nt 

If ! W IS IftTO c (d, cob 

(e) Does union appear to have the commutative 
property? 



Answers: 

(a) (b) 




(e) Union appears to have the commutative property, 
because A U B = B U A and B DC = CUB. 

(5) Darken 1 q a Portion A Ifiim difllEM is 

represent (a) through (d) and answer (e). 

(a) A n B (b) BOA (c) BHC (d) CflB 
(e) Does intersection appear to have the commutative 
property? 



Answers: 

(a) (b) 
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f 



(c) (d) 



v"7V\ b v 




a /"7X"\ b v 


KrWmk) 


V / 


T -f 




V \a* y 







(e) Intersection appears to have the commutative 
property, because A O B = BflA and 
B n C = C n B. 

(6) . , DtrKtn a. portion of a Venn diagram to represent 

(*) And (&) and answer (cT. 

(a) (AUB)UC (b) AU(BUC) 

(c) Does union appear to be associative? 



Anawrs? 

(■) (b) 




(c) Union appears to be associative, because 
(AU B) U C = A U (BUG), 

Concept ; Associativity of intersection* 

(7) H2A 1 Vann diagram jg represent (a) (&) And 

ansverTcT . 

(a) (a n b) n c (b) a n (b n o 

(c) Does intersection appear to be associative? 
Answers: 

(■) (b) 




IB 

i 



ERJC 

hffliflaffHHaaaa 



( 



(c) Intersection appears to be associative because 

(a n b) n c = a n <b n o. 



Concent : 

( 8 ) 



Union distributive over intersection. 



Use a Venn diagram represen t (a) nul (£) AA& 
answer (cT . 

(a) AU(BOC) (b) (A U B) H (A U C) 

(c) Does union appear to be distributive over inter- 
section? 



Answers: 

(a) (b) 





(c) 



Union appears to be distributive over inter- 
section because A U (B H C) = (All B) O (A U C) 



Concept : Intersection distributive over union. 

(9) Use a Venn diagram represent (i) ml (&) ADl 

answer (c) . 

(a) AfKBllC) (b) (AHB)U(AnC) 

(c) Does intersection appear to be distributive over 
union? 



Answers : 

(a) (b) 







> 

CO 

< 




1 } 


1 J=i\ ) 


Vjjjipy 


V/jlPV 







(c) Intersection appears to be distributive over 
union because A 0 (B U C) = (A H B) U (A D C) . 

Concept : Complement of a set. 

(10) The complement of set A is the set of all the elements 
in the universal set U that are not in_set A. The 
symbol for the complement of set A is A. Sometimes 
the symbol A' is used, or the symbol "A. 
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Anitttl Hit following. 

(a) To what Is tha lntarsactlon of sat A and sat A 

aqual? _ 

(b) To what Is tha union of sat A and aat A aqual? 

Ansvars: 

(a) AO A = 0 (b) A U A = U 



(11) II ® — {l» 2, 3*. ..10}, B = (l| 3* 5) 7» 9}» and 

C - (2, 4, 6, 7, 8}, dataralna Hn following atll» 

(a) I (a) B ng (1) BUG 

(b) g (f) bTTc (j) b nc 

(c) BOG (g) BUG (k) BAG 

(d) bTTc (h) BUG (1) BOB 

AnSXfiU: 

(a) {2, 4, 6, 8, 10} 

(b) jl, 3, 5, 9, 10} 

(c) 17} 

(d) [l, 2, 3, 4, 5, 6, 8, 9, 10} 

(a) {10} 

(f) [10} 

(b) l If 2, 3» 4, 5, 6, 8) 9, lo} 

(h) [1, 3, 5, 7, 9, 10} 

(I) [2, 4, 6, 7, 8, 10} 

(J) [1. 3, 5, 9} 

(k) {2, 4, 6, 8} 

( l ) 0 



( 12 ) 




At tha laft is a Vann 
dlagran raprasantlng tha 
following sats. 

U = {1, 2, 3, ...13} 

A = {1, 2, 5, 6, 11} 

B = {2, 3, 4, 5, 9, 10} 

C * {4, 5, 6, 7, 8, 10} 



Itlal Hit iltitali la «*ch sL Hit following a#i§. 



(a) 


! 


(a) 


ifiYc 


(1) 


un a 


(b) 


A U B 


(f) 


UUB)UC 


<J) 


a n c 


(c) 


XTTb 


(8) 


a n b 


(k) 


A n (BOG) 


(d) 


A UC 


(h) 


A U B 


(1) 


(AUB)OC 



Answt rs; 

(a) (3, 4, 7, 8, *, 10, 12, 13} 

(b) {7, G, 12, 13} 

(c) (l, 3, 4, 6, ?, 8, 9, 10, 11, 12, 13} 

(d) {3, 9, 12, 13} 
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(e) 


Cl. 


2, 


3, 


4, 7, 


8, 9, 10, 11, 12, 13} 


(f) 


{12, 


, 13] 






(g) 


C7, 


8, 


12 


. 13] 


8, 11, 12, 13 } 


(h) 


Ci. 


2, 


5, 


6. 7, 


(i) 


{3, 




7, 


8, 9, 


10, 12, 13} 


(3) 


{3, 


9, 


12 


. 13] 




(k) 


{5} 










(1) 


C7, 


8} 









( 13 ) 



Meabers of an English class had baan assigned three 
books (A, B, C) to re#d during tha seaester. After 
eight weeks, a poll was taken. It showed that each 

? upil in the class had read at least one of the books, 
he poll also gave the following data. 



Ten pupils had r#ad all three books. 

Fifteen pupils had read both book A and book B. 
Seventeen pupils had read both book A and book C. 
Thirteen pupils had read both book C and book B. 
Twenty-eight pupils had read book A. 

Twenty-one pupils had read book B. 

Twenty- three pupils had read book C. 

Draw a Venn dlaeraa analyse the problttB 1D& 
use it is deteralne flux PUBllA MS El In. £bt »1» * 



Answer : 




There were thirty-seven pupils 
in the class. 



( 14 ) A group of pupils were interviewed to deteralne how 
aany of thea would be studying aatheaatics, biology, 
and French the following year. 

All the pupils plan on taking one of the courses. 

Eight pupils plan on studying all three subjects. 

Six pupils plan on studying aatheaatics and 
biology but not French. 

Three pupils plan on studying aatheaatics and 
French but not biology. 

Two pupils plan on studying biology and French 
but not aatheaatics. 

Five pupils plan on studying biology but not 
aatheaatics nor French. 

Four pupils plan on studying aatheaatics but not 
biology nor French. 

One pupil plans on studying French but not 
aatheaatics nor biology. 
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Draw a Vann diagram and use d^Wlnfi &2M 

many pup lie were interviewed. 



Ana war : 




Twenty-nine pupils were 
incerviewed. 



1.5 CARTESIAN SETS 

Concept : Ordered number pairs. 



( 1 ) 



The topic of ordered number pairs was covered 
previously in the study of coordinate geometry. 
Ordered number pairs were used to identify points on 
a number plane* Consider the set of natural numbers 

less than 6. U = [l,2,3A»5}» ... 

List all the possible ordered nmEST Pairs 
nay be formed from such a set elements. 



Angw?rg; 
( 1 , 1 ) 

(i 2) 
(l, 3) 

(1 4) 

(1 5 ) 



(2, l) 
( 2 , 2 ) 
(2, 3) 
(2 4) 
(2 5 ) 



(3, 1 
(3, 2 
(3, 3 
( 3 , 4 ) 
(3 5) 



& ll 
1: 3 

(4, 5) 



8: 3 

8 : 8 

(5, 5) 



ponceot : Cartesian Sets. 

(2) The set of all ordered number pairs that may be formed 
from a given set U is called the Cartesian set of U. 

- J • - — j " ----- it is 



(a) 



(b) 



5 }. 

y 



This is~written U * U, and Is read U cross U« 
often called the Cartesian product. 

Draw $hs. following: 

A graph of U x U where U * fl, 2, 3» 

(The number pairs are (x, y) with x and 

belonging to U.) , . Tf . ... 

A graph of U x U where the universal set U is the 
set of all real numbers from 1 to 5» including 
1 and 5. (The graph will be the graph of all 
ordered number pairs (x, y) for which x and y 
are such that 1 £ x < 5 end 1 y ^ 5 • ) 
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Answers: 





<3) e, ^^, 4 * m t 5> 7 * 

c = {1, 2, 10], answer. thi foUffl lQI. 

(■) List the elements in the Cartesian set Axe. 

(b) List the elements in the Cartesian set B x C. 

(c) Graph the elements in the 'artesian set A x B. 






! 

y 



(b) 



( 1 , 10 ) 

( 2 , 1 ) 

( 2 , 2 ) 

( 2 , 10 ) 



(5,D 

(5 2) 

(5.10) 
(4,1) 
(4 2) 

(4.10) 



(7,1 

(7.2) 
(7,10) 
( 8 , 1 ) 

(8.2) 

(8 10 ) 
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(c) 




1.6 SOLUTION SETS 

Concept: Solution set notation. 

(1) The set of answers to a given problem or equation 

may be called the solution set. Consider the problem 
"What natural numbers are greater than 6 and less 
than 11?" The solution set to this problem would be 
{ 7 , 8 , 9 , 10 }. 

Inllfiiijs igjg&lan ss&i & Shs. tsllanini 

problems and equations . 

(a) In the 3et of natural numbers, the set of all x 
such that 18 £ x £21. 

(b) x + 3 = 6 In the set of natural numbers. 

(c) x 2 = 9 In the set of Integers. 

(d) x + 6 = 3 In the set of natural numbers. 

Answers: 

(a) {18, 19, 20, 21} (b) {3} (c) {-3, +3} <d) 0 



Teacher Notea 
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UNIT 2 s ALGEBRAIC EXPRESSIONS 

PART I. BACKGROUND MATERIAL FOR TEACHERS 



2.1 INTRODUCTION 

•TV,. nm>nn«a of this unit is to introduce the concept of 

equetione such as □ ♦ b = 7 or m - 6 = 3. Howev ®£»/" 
unit the approach to the use of variables is somewhat more 

formal. 

Qniaatimas a nunil may ask the teacher, "Why do I have to 
Sometimes a pujpii may asKva lu e wiu a i geb ra be to me in my 

suits a&a “Sbsr * 

arahS'trasss tur.tth. 

purposes of algebra and the reasons for mastering the material 
contained in the course. 

One of the most important purposes of algebra is to P r ®2 ar * 
the pupi If or high schoSl coursS. that r.qulre.knowl.dg.of 
algebra, such as chemistry and physics. Manypupilsdonot 

realise that the solution to a ler£e Si* thl use of 
problems even at the high school level requires the use or 
algebra. Science courses at the college level very °£ten 
require the knowledge of calculus. A knowledge of *18 ... 

necessary in almost all mathematics courses at the senior high 
school level. These courses in turn are necessary for the 
study of analytic geometry and calculus required in many 
UieStiflc, .Sgln.Srlng, end »ath«.tlc.l course, .t th. coll.g. 

level. 

In addition to its value in terms of preparation for the 
sciences and for further mathematics, the study of 
UpSStUt ?.lue. of it. own. It give, pupil, an JPP^unltir to 
study end explore en important and intrinsically lnt ere eg 
ntpucture. It gives pupils further practice in the techniques 
“f WObl« solving* including .uch ere.. .. org.nlz.tlon of 
data and plans of attack. In this course, pupils become 
faailiar with many concepts of variation and various relation- 
ships between numerical quantities. And * 

talkinf acaualntanceshlp with Bithottitlcal vocabulary 
cSn^t. UpSruSt in th. b.ckground of a well-grounded .e.ber 

of society. 

Rather than being mainly a preparation for ®*‘ din *£ y 
activities, the study of algebra is for many pupils one of -he 
first important step* on the road to college or preparation 
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for some lifetime occupation. It is an important element of a \ 
well-rounded education and its importance should be made clear j 
to the pupils taking the course# \ 

s 

2.2 VARIABLES 

After the concept of set has been developed, it becomes 
necessary to develop some convenient method for referring to 
arbitrary elements of the set. This may be done verbally, but 
it is far easier to use symbols and apply the concept of 
variable. A variable is a symbol and is usually a letter of the 
alphabet. The symbol occurs in a “ athe ® ati ° a kP2 r *® e + ^ t 
sentence and acts as a spaceholder or placeholder in that it 
holds a space or place in the phrase or sentence which can be 
filled by some one or more of the numbers in a given set, called 
the replacement set. For example, consider the set of na J^ al 
numbers and the phrase 7x. The symbol x is a variable. The 
set of natural numbers is the replacement set for x. in that x 
may be replaced by any element in the set of natural numbers. 

The expression (7) ‘(5) shows a particular replacement of x from 
its replacement set. The number 35 is the value of the ■ 

expression 7x when the variable is replaced by ?• ; 

There are several concepts in this earlier material that J 
serve as an introduction to algebra. There is the c S n 52! t ° f * 
symbol, usually a letter, being used as a placeholder for a 
number! The phrase in which the symbol or symbols occur is 
called an expression. 3* and 5* ♦ 3y are expressions. There 
is the concept of variable. A symbol in a phrase or sentence 
is a variable only if it is replaceable by a number belonging 
to a defined set of numbers called the replacement set of the 
variable. If the replacement set is not given, it is usuaLly 
assumed to be the set of real numbers. There is the concept of 
the value of an expression when the variable is replaced by an 
element in the replacement set. 

The next concept introduced is that of open sentences and 
phrases. A sentence that contains one or more variables so 
that it is neither true nor false as it stands, and becomes 
either true or false only when the variable is replaced by a 
number from the replacement set, is called an open 
The eauation y + 3 = 19 is an open sentence. It is neither 

■3VS5 fiu. ..it stands . If the ..ri.ble y is replaced by 

the number 5 from the set of real numbers, the equation becomes 
5 + 3 = 19, and this is a false sentence. If the variable y 
is replaced by the number 16 from the set of real .numbers, the 
equation becomes 16 + 3 = 19, end this is a true statement. 

The statement! x = 3 and 3x + 2y = 19 are examples of open 
sentences. 

An algebraic expression that does not contain the operation 
addition nor the operation subtraction is called an a Hebraic 
term. 9abc is a term. An expression may contain several terms. 
Thus, x + y is an expression consisting of two terms. 



An expression consisting of only one term is called a 
monomial. An expression consisting of two terms is called a 
binomial. A trinomial is an expression consisting of three 
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terms. Any expression involving two 
caLled a polynomial. Thus I6xy is a 
a binomial and may also be called a 



or more terms may also be 
monomial. Also 2x + y is 
polynomial. 



Algebraic terms may also be classified as like and unlike 
terms. If two terms have the same identical . 

variables and the exponents of corresponding variables are the 
same, these terms are called like terms; otherwise, they are 
called unlike terms. The terms 24ab and 6ab are like terms. 
The terms 9a end 9x are unlike terms. The terms 3* ana 3x« 
are unlike terms. 



2.3 OPERATING WITH ALGEBRAIC TERMS 

The pupils should be given experience at translating 
English phrases into algebraic phrases. This experience should 
include phrases involving addition, subtraction, multiplication, 
and division. Most difficulty is usually experienced in trans- 
lating phrases involving the noncommutative operations of sub- 
traction and division. In noncommutative operations, the order 
of the terms is of great importance and often the pupils place 
the terms in reverse order. This is particularly true of 
subtraction. 

The phrases "a diminished by b" and "a less then b," where 
a and b are variables, are sometimes difficult. The first 
phrase is written as the algebraic expression a - b, and the 
second phrase is written as b - a. The phrase "the number of 
miles in f feet" is also often written erroneously as 52oOf. 

It is correctly written as f _ . 



The pupils should be given experience at translating such 
English phrases into algebraic phrases in sufficient number ana 
variety as to make them aware of the common errors made in such 
translation. 



Almost the entire remainder of this portion of the unit is 
devoted to the development of the concepts that the sum, dif- 
ference, product, and quotient of two like terms can be 
expressed as a single term and also that the product and quo- 
tient of two unlike terms can be expressed as a single term. 
The sum and the difference of two unlike terms cannot be 
expressed as a single term. One method of showing that the 
sum of two like terms, such as 3* and 4x, can be expressed as 
a single term is to first express 3* as * + x + x and 4x as 
x + x + x + x. The sum of 3* + is therefore 
x+x+x+x+x+x+xor 7x. The second method of 
arriving at the sum of 3* + is by application of the dis- 
tributive and commutative principles, ab + ac = aCb + c ) or 
(b + c)a. Applying this principle, 3* + *** = (3 + 4)x and is 
equal to 7*. 



The distributive principle is also used for demonstrating 
how to find the difference of two like terms. By applying the 
distributive and commutative principles, ab - ac = a(b - c) or 
(b - c)a, the difference 6x- 3* can be shown to equal (b - 3J* 

or 3x. 
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If the pupils have not had subtraction of integers, j 

examples of subtraction of like terms must be restricted to j 
examples where the coefficient of the minuend is greater than 
the coefficient of the subtrahend so that the c °® f * lcle P* °* . 
the difference is not a negative number. In unit 3 » subtraction 
of integers is introduced for those pupils who d J d u n ® t _‘J® v ® 
this optional topic in Mathematics and is reviewed for those 
pupils who did cover the topic the previous year. After this 
topic has been covered, examples of subtraction of like terms 
need not be restricted to those resulting in differences with 
positive coefficients. 

The application of the distributive and commutative prin- 
ciples in collecting like terms is used in developing the 
concept of simplifying the sum of a series of terms if the 
series includes two or more like terms. Applying the commuta- 
tive principle, the terms in the expression 3* + 4y * ? x 3* 
may be rearranged to read 3* ♦ 5>* + + 3* so that the two 

terms 3* and 5* may be combined into the single term ox, 
resulting in the simplified expression 8x + 4y ♦ 3z« *£• 

process of collecting and combining like terms is restricted to 
the operation addition in this material. The discussion of 
collecting like terms involving subtraction is not covered 
until after the topic of subtraction is covered in the next 
unit. 

The concept of multiplying two like or unlike terms 
Includes the ideas that the numerical coefficients are written 
first and then the resulting letters are arranged in alpha- 
betical order. If two numerical coefficients are contained in 
the final product, they are combined into a single numerical 
coefficient. For example, (3abc)(4d) = 3*4abcd = ISabcd. 

The pupils may be given some experience at expressing the 
product of two like factors by the use of exponents such as 
jj.x = and y.y.y = y3. It is not intended that the topic of 
exponents be pursued very far at this point as this topic is 
introduced in a later unit. 

The quotient of two like or unlike quantities can be 
expressed as a single term and expressed as the ratio of the 
dividend to the divisor. The quotient may be reduced to lowest 
terms by the application of the principle of equality of 
rational expressions and the principle that && - Any factor 

be b 

common to the numerator and denominator may be dropped or 
canceled in reducing the expression to lowert terms. Such 
factors include numbers and variables; for example, 

4x2 v _ 4»x»x»v - 
T5xz *»-3*x.z 

One important fact to emphasize is that division by zero 
is undefined and not permitted. The denominator of the expres- 
sion a is zero and it is therefore not a valid expression. 

x - x 

This topic is discussed further in later units where expres- 
sions such as 3 are considered. Such an expression is a 
x - 1 , . 

valid expression only if x / 1. If x = 1, then x - 1 is zero. 
This is not permitted. Therefore, the replacement set of the 
variable x does not include the element 1. 
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UNIT 2: ALGEBRAIC EXPRESSIONS 

PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE 

2.1 INTRODUCTION 

This unit has bean placed before the units on the integers 
j numbers In order to involve the pupils in the 

SJdi Sf “tu2“Jl»l>rS as quickly .3 possibl.. The ,u«tlons 
jS d ictl»ltl.s pertaining to variables, open sentences. and 
nn^ritini with aleabralc terns have been restricted in this 
2it U ■■ nS to include negative integers or quadratic 
expressions other than the very simplest. The con ‘ 

tained in this unit siay be ^tended to in c^de negative 
integers after Unit 2\t IllS Integers, has been c0 5Jj;JJJJ a * ___ 
These concepts have been extended to J nclu J e .*l u *Jrji i ? a JJP res 
sions in Unit 2 » Exponents ifid and in other later 

units* 

2.2 VARIABLES 

Concept : Definition of a variable. 



(I) 



The following statement appeared on a history test. 
"The second president of the United States was | J • 
Possible replacements are: Madison, Monroe, 

Washington, Adams, and Jefferson. 

Answer £&£ following flU£flii£R4‘ - - 
What Is the purpose of the rectangLe* 

The rectangle is a placeholder for one of five 
names. Which are the five names? 

May the name Monroe be substituted for tne 
rectangle? Will the resulting sentence be true 

or false? . . 

May the name Adams be substituted for tne 
rectangle? Will the resulting sentence be true 
or false? 



(a) 

(b) 

(c) 



(d) 



(b) 

(c) 

(d) 



( 2 ) 



ta) W6 The rectangle is a placeholder for one of the 
possible replacements. 

Madison, Monroe, Washington, Adams, Jefferson 
The name Monroe may be substituted for the 
rectangle, but the resulting sentence is raise. 
The name Adams may be substituted for the 
rectangle, and the resulting sentence is true. 

Consider the following statement. 

In our algebra class, sits nearest the door. 

Possible replacements are: any pupil in the classroom. 

Answer the following questions * 

(a) Describe the set of possible answers by listing 
each element in the set. 

(b) Which element in the set of possible answers is 
the element which, when substituted for the 
triangle, results in a true sentence? 
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Answers t 

T *) The answer will be the set in which the name of 
each pupil in the classroom is listed, 
tb) The correct answer will be the name of the pupil 
who sits nearest the door. 



(3) 



(4) 



An swer &]£ following guest ions , 
la; The number of grains of sand in a quart jar is 



(b) 



. Can a negative number be a possible 

replacement? Describe the set of possible 
replacements to this question. 

Given x + 3 < 10. Possible replacements are 
a !?£ ”?”“n®f*tive integers. What number may be 

Wh,t numb ®rs, when substi- 
tuted for x, will result in true sentences? 



Answers; 

,a) The replacement cannot be negative. The set of 
possible replacements is the set of non- 
negative Integers. 

Any non-negative integer may be substituted for 
x in the inequality. Any of the numbers 0. 1, 

f> 3 » or 6 “®y b ® substituted for x and 

the resulting statement is true. 

Any symbol, including frames and letters, that is 

a P l * cebo - d « r for some word, phrase, or num- 
ber is called a variable. The set of possible 

iJJi l fKiI ent Su ls c * ll ® d £ he replacement set of the 
?f ; ab 4 1 ?; T J?® set of ® 1 ®»®nts in the replacement set 
? h ! n substltut ® d for the variable, result 
in a true statement is called the solution set. 

as 

(a) 



(b) 



(b) 



(c) 



was the thirty-fourth president of the 

T?nM?n S i? tes u Poss £ ble replacements are: 
ZZ™**’ Eisenhower, Hoover, Kennedy, Roosevelt, 
Th ® boy o® xt door owns 13 marbles. I own more 
marbles than he does, but I do not own 1? 

°" fl ^ number of marbles, 
y ” ^ ^-3* where y is a non-negative integer. 



Anawtrgs 

la) The variable is i 

w!lJ«IJ pl ^ Came 2 t s S t is (Truman, Eisenhower, 
Hoover. Kennedy, Roosevelt! # 9 

The solution set is {Eisenhower}. 

The variable is /\ . 

The replacement set is {any natural number). 
The solution set is {14}. 

The variable is y. 

2 b ® replacement set is {o, 1, 2. ...}. 



(b) 



(c) 



f* A A V it# X 

The solution set is {0,'l,' z\ 3}. 
Concept: Open sentences and phrases. 
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(5) 



( 6 ) 



(7) 



(8) 



(9) 



( 10 ) 



( 11 ) 



The sentence " George Washington MMi ttlC f i fth 
president af Ibfi Ullllgd States " la falafl- ibl AlllU- 
nent 2 + £ = 2 ll true . What can you 2M1 ihfittt IhS 
truthfulness fil IhS statement "flfi 1ft A teacher ?" 

Answer : The statement cannot be determined to be 

true or false until we know to whom the pronoun, he, 
refers. 

Under what conditions ll the statement 2 + It = 2 
true ? Under what conditions ll 11 ,fl 111? 

Answer : The statement x + 4 = 9 Is true If and only 

If the placeholder x Is replaced by the number ?• If 
x Is replaced by any number other than 5, the state- 
ment Is false. 

A sentence that ggntfllna 1 Vir l thl fl la .*fl 

open sentence . What can you say about lh£ truthful- 
ness of an open sentence? 

Answer t An open sentence Is neither true nor false 
as It stands. 

When does iq open sentence become j£Ufi SL Illll? 

Answer : An open sentence becomes true or false only 

men the variable Is replaced by an element In the 
replacement set. 

For each £h£ following statements, lndldtf 
whether the sentence ll true or false *hflA Hit 2i£l- 
Ubie H Hi ft placeholder l££ lh£ flutter 5* 

(a) I 1 + 11 > 16 

(b) 



(c) 



2 ^ 15 
5(x + 3) = 13x - 25 



Answers t 

T 



,ns 

a) 



raise 



(to) True 



(c) True 



What would be the name given Is A phrase Ihll 
contains i variable ? 

Answer : An open phrase 

Using the letter a JL1 the variable A£ placeholder. 
write an expression for each £f the following. 

(a) Six more than the variable 

(b) Seventeen less than the variable 

(c) Three times the variable 

(d) The quotient of the variable divided by 3 



Answers : 

(a) n + 6 

(b) n - 17 



(c) 3n 
<d> A 
3 
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( 12 ) 



Write an expression Ifi£ •ach fil Jfcbi follWlng 
open phrases , 

(a) The nuiaber of feet In y yards 
,(b) The number of ailes in f feet 
(c) The number of feet in a ailes 



Answers: 
(a) 3y 



(b) (c) 5 » 28 °* 



Concept t Value of open phrases# 

( 13 ) Ditawlnt the number represented &X each o f UlS 

following open phrases when ibfi Vfrllfrlfl 1 — 5 lA 
replaced ix 2, Ha variable A mitCAd 12X 3* J lM 
the variable Q replaced J 2 X 5 * 

(a) I 1 ♦ A - □ 

(b) I 1 (A + □) 

(c) 1 ~ 1 • A ♦ □ 

(d) ( 6 1—1 - 4^)*-^- 

(e) □ . □ - 6A ♦ HZ3 • CHI3 



Answers: 
(a) 0 



(b) 16 




(a) 0 (e) 11 



Concept : Algebraic terms* 

( 14) Below la a list fll algebraic expressions |fiU fil 

which are labeled " expression consisting ant AlEB 
ana the others are labeled "expression gpnsjgtlnC SL 
... teres ." Br observing which ODTatlQM AEfi 
contained Ifl each open phrase . Jtbil dfi ZfiU AfiOglUdl 
$9 be the characteristics a£ AH »lUfrnl£ iSSSp 



(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 



5xy 
3abc - 7* 

156 

17w + 5« 

¥ 

4a + 3b - 2c 
x + 1 



expression consisting of one term 
expression consisting of two teras 
expression consisting of one tera 
expression consisting of two teras 
expression consisting of one tera 

expression consisting of thne teras 
expression consisting of two teras 



Answer : An algebraic term is an expression which 

contains neither the operation addition nor the 
operation subtraction* 
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Concept : Like and unlike terns 



(15) 



The column below contains 
pairs of terns that are 
called like terns* 

(a) 6xy and 9xy 

(b) 16ab and 5ba 

(c) I4x and 2 & 

2 

(d) 167 and 42 

(e) 17a and 4a 

What appears i2 &S the 
and unlike terns ? 



The column below contains 
pairs of terns that are 
called unlike terms* 

(a) 6xy and 9x 

(b) 7 '/ and 5c 

(c) 142 and 17a 

(d) 4k and 5 

(e) x and x^ 
difference between likfi 



Answer : Like terns contain the sane powers of the 

sane variable or variables* Unlike terns do not con- 
tain the sane powers of the sane variables* 



2*3 OPERATING WITH ALGEBRAIC TERMS 



Concept : Algebraic expressions* 

(1) Ilaine the letters « end b as placeholders Tor 

two numbers . express nsb sL Ulfl fgllWlMi lQ 

?af #b ?he C sun"o? l the two numbers 

(b) The difference of the two numbers, the letter, a, 
representing the nlnuend and the ietter, b, 

the subtrahend 

(c) - The product of the two nunbers 

(d) The quotient of the two numbers, the letter, a, 
representing the dividend and the letter, b, 
representing the divisor 

(e) The sun of the squares of the two numbers 

(f) The quotient obtained by dividing the sub of the 
two numbers by the product of the two nunbers 

(g) a diminished by b 

(h) b more than a 

(I) b less than a 

( J) a times b 



Answers: 

(a) a + b 

(b) a - b 

(c) ab 

(d) a 

b 2 2 

(e) a 2 + b 2 



(f) 


m + 
■b 




(e) 


a - 


b 


(h) 


a + 


b 


(i) 


a - 


b 


(J) 


ab 





Concept : Addition of like and unlike terms* 



(a) 

(b) 

(c) 



Answer J&fl followlna questions. 

Write an expression equivalent to 6x + 7*. 
making application of the distributive principle. 
Perform the addition indicated within the 
parentheses. What is the resulting expression? 

Is 6x + 7x * 13x a true statement? 
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( 3 ) 



(4) 



(5) 



( 6 ) 



Answers: 

(a) (6 + 7)* 

(b) 13x 

(c) Yes 



Bv applying the distributive principle* find JUkfi 
simplest expression for each &£ the following £UU 
UQd differences. 

(a) 19a + 17 a (d) 5kmp - 3kmp 

(b) 15 xy + 21xy , , u 

(c) 7xy + 2xy <•> 3 I 1 + 4 



Anarra* , ,, 

(а) 19* + 17a = (19 + 17)« = 36a 

(б) 15 xy + 21xy = U5 + 21)xy = 36xy 

(c) 7xy - 2xy = (7 - 2)xy ■ 5xy 

(d) 5k*P - 3ta*P - (5 - 3)Kn»P s 2kmp 

(e) 3 CU * 4 CD = (3 ♦ 4 )CD = 7 CD 



la there anv war that Hlfl distributive gflnglaltt 
can applied .fc£ find a simpler expression l££ Hlfl 
sum of the unlike terms jli + iff? 



Anay.tr* no 



Ja li permissible to rearrange the terms 1 q jjjfi 
expression 8x + 9y ~ 7x + 2 X AS that like ttrig A££ 



ad jacent ifl SM another? 



Answer : Yes, addition Is commutative and the terms 

may be rearranged as 8x + 7x + 9y + 7y» 



Applying Jfca distributive prlnclPlt* perform 

r addition g£ like terms simplify .£ns expression 

+ 2X + 2l + 2l» 



Answer : 

8x + 7x + 9y + 7y = (8 + 7)x + (9 + 7)y = I5x + 16y 



(7) 



The process In which terms In an expression are re- 
arranged so that like terms are adjacent to each other 
and then the addition of the like terms Is performed 
by applying the distributive principle is sometimes 
called collecting and combining like terms. 

Datamlna £ simpler expression for each £l £111 
following by collecting and combining ilfrfl terms. 

(a) 7ab + 6a + 4b + 3«b + 9b + 5« 



(b) 21A + 16Q + 4A + 3D + 9A 



Answers: 

(a) 7ab + 6a + 4b + 3«b + 9b + 5a 
= 7ab + 3«b + 6a + 5* + 4b + 9b 
= (7 + 3)ab + (6 + 5)e + (4 + 9)b 
= lOab + 11a + 13b 
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(b) 21 A + 16 □ + 4A + 3D + 9A 
= (21 + 4 + 9)A + < 16 + 3)D 
= 3^A + 1C] 

Concept : Multiplication of like and unlike tarns. 

(8) Tha product of x and 9 is written 9x. 

The product of 3b and ac is writtan 3*bc. 

Tha product of y and 9k and p is writtan 9kpy. 

By observing tha pattern la HUB abova HgU 
IXiBnlfi. describe utlll appears la JZfl thfl tflntMl 
rula for writing Un product qL mllKl tarns. 

Answer: Tha product of unlike tarns is writtan with 

tha nunbar first. (The variables are usually 
arranged in alphabetical order.) 

(9) ( ^ W^l^ t^a following products la gllPl«& Ifi £»• 

(b) (I6x)(ab) 

(c) (3x)(4y)(5«) 

Answers: 

(a) (3x)(4y) = 3*4*xy = 12xy 

(b) (16x)(ab) = 16a bx 

(c) (3x)(4y)(5*) = 3*4*5*xy* ■ 60xy* 

(10) x*x 3 x 2 and b*b»b * b^. 

Complete the following: 

(a) w.w»w»w = 

(b) y.y.y«y»y = 

Answers : 

(a) w»w»w»w = w**" * 

(b) y.yyyy = y ? 

(11) Express tha product of each of tha following In 
simplest fora . 

(a) (3y)(Vy) t , v 

(b) (I6ab)(3a)(4b)(2c) 

(c) (3a)(4abc)(6ac) 

Answers: 2 

(a) (3y)(4y) 3 3*4*yy s I2y^ , 

(b) (l6ab)(3a) (4b)(2c) = l6*3*4*2*aabbc 

= 384a 2 b 2 c 

(c) (3a)(4abe)(6ac) = 3*4*6*aaabcc 

= 72a3bc 2 

Concept : Division of like and unlike tarns. 



( 12 ) 



divide 



Shi fPllWlBi 
and to the divisor. 



u i nils at Hit 
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( 13 ) 



(14) 



(15) 



(a) 

(b) 

(c) 


2 + 3 
17 + 5 „ 
13x + 15 




(a) 

(f) 

(g) 


15 + x 
y + 3* 
3abc + 


5xyz 


(d) 


5a + 7b 










A naam* 

(a) 2 (b) 


f 


(c) Jg 


(d) 


5s 

7b 


(f) 


£ <g) 


3abc 

5xyz 









(•) J 5 

x 



Under what conditions III JOB raUOP . ft l 2*£121‘ 
slons j. and ^ fqul v lllflfc? 

are 



( 16 ) 



(17) 



Answer : The two rational expressions 4 and | 

equivalent If and only If ad = be. The cross products 
must be equal* 

ilia statement i£ s 1 aiSUUtt 
DC D 

Answer » Yes, ££ = £ i* always true because the cross 
products are equal; acb = bca. 

What ^La the ^ y ifl A# princ i p al 
b§ * b 

Answer: The cancellation law. Any factor common to 

the Numerator and denominator »«Y b « 1 
canceled in forming a new rational expression 
equivalent to the given expression. 

What is meant br educing A ritiODi . 1 MPFMg l Pn 
i£ lowest terms ?” 

o v "reducing to lowest terms” is meant that 
im*equivalent Jxpresfion is formed which has no factor 
common to the numerator and denominator, except th 
factor 1. 

gxpresa ilia quqtltat In Jifib at jht II 

£ rstlonai express I an StS lWfg£ IflClft* 

(a) l4x + x 

(b) 2 lab + 7b 

(c) 36 x 2 + 6xy 



♦ * - js, = iv 

x 

(b) 2 lab + 7b * = 3a 

s 2&a 

6xy 



(c) 36 x 2 + 6xy 



« && 

r 
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(18) 

(.) A2i» ♦ V3«t 
(b) 

(e) t.fri lA i 

An»vrn 

(») 17 ‘ b fel3»t = 

(b) " $ 8 ^ ’ ‘ ! 

(c> 4.8*? Tjjfer • g^SIg * y 1 ■•anln , lM*. 

so no valid axprfaslon can ba written. 



Teacher Notes 
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UNIT 3* THE SET OF INTEGERS 

PART I. BACKGROUND MATERIAL FOR TEACHERS 



3.1 INTRODUCTION 

The properties of the set of integers and the JP®"^®;® 
in thi3 set of numbers were presented in detail in the Hftiafi 
raatics 8X course. However, some topics pertaining to negative 
fnteffrs ver^lndlcated .s’opttonal and w.r. to ba lntrodaaed 
at the discretion of the teacher. Due to the time that 

can be devoted to the study of each of the units in tyajrft g 
matics 9X. the concepts of the properties of and operations in 
the set of integers cannot be presented in such detail or with 
such emphasis as was done in the course. 

In this unit the concepts are presented in such a way so 
as to be used as a review for those pupils who studied the 

concepts in Mathematics M and to be “*!? d aa 0 ? n s tSdS°the^ “e?a- 
to these concepts for those pupils who did not study the nega 
tive integers in the Mathematics SSL course. Care should be 
taken to cover the topics in this unit within the suggested 
time allotment so as to leave sufficient time to cover 
properly the other units in the course. 



3.2 THE SET OF NATURAL NUMBERS 

This section is a concise review of the properties of the 
set of natural numbers and definition of the tie? 1 
set of numbers. The concepts pertaining to these P r °P®J bles 
and operations were presented in MatljsnatiSfi and ^fh ^dis- 

matic’s 8X. In these courses it was recommended that the dls 
covery approach be used as much as was practical. J bl ? s ?®!i}®® 
is simply a summary and review, with care b ?i?« b ® Jj|£ ln0 

the operations of addition, subtraction, ‘fifiPj 1 ?®**?!;* a £ d of 
division so that these operations may be defined in the set of 
integers with as little modification as possible. 

The first operation to be performed in the set natural 
numbers is count ing . Counting Say be carried out indefinitely 
in the direction of greater numbers, but can be carried out in 
the direction of smaller numbers only as far as the number 1. 

The number 1 is the least natural number. 

The next operation considered is addition. A jdi t i° n b ® 
defined in terms of counting. If the L ® bt ®” a !^ d b b J ep 
any natural numbers, the sum a + b may be determined by 
c l, b M successive numbers from a In the direction or 

create? numbers. The last number so counted is the sum a + b. 
For example, the sum 3 + 5 is determined by counting five num- 
bers froS the number 3 in the direction of greater numbers. 

The last number so counted is 8; therefore, the sum 3 5 i# ®* 

In addition of natural numbers, the counting is always ®J” led 
out In the direction of greater numbers# Counting In tnl 
direction may be carried out indefinitely so there is no 
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restriction on such counting* The stun of any two natural 
numbers may be determined In this manner. Therefore, the set 
of natural numbers has the property of closure under addition. 

Subtraction Is defined as the Inverse operation of addi- 
tion. The subtraction a - b = a Is carried out by performing 
the corresponding addition O + b - a. For example, to find 
the difference 12 - 8 = I — I . the corresponding addition Is 
I I + 8 s 12. The problem is to determine what number must be 

added to 8 to result in a sum of 12; the answer is 4. Sub- 
traction requires the use of an addition table. Difficulties 
In performing subtraction sometimes Indicate lack of pro- 
ficiency In performing addition or failure to memorize an 
addition table properly. Subtraction may also be defined In 
terms of counting. The difference a - b may be determined by 
counting "b" successive numbers from a In the direction opposite 
to that used In performing addition. That Is, the counting Is 
carried out In the direction of smaller numbers. 

Of these two definitions of subtraction, it Is essential 
that the pupils master the concept of subtraction as being the 
Inverse operation of addition. It Is this concept which Is 
generalized for operating with all numbers In the real number 
system. 

In performing the subtraction 8 - 9 = 0»the corresponding 

addition is □ + 9 s 8. There Is no natural number that, when 
added to 9» will result In a sum 8. If the subtraction is 
performed by the counting method, the counting cannot be carried 
out. In attempting to count 9 numbers from the number 8 In the 
direction of smaller numbers, it is soon discovered that there 
are only 7 such numbers to count. The difference 8 - 9 is not 
in the set of natural numbers and so the set of natural numbers 
does not have the property of closure under subtraction. 

Multiplication In the set of natural numbers Is defined in 
terms of addition. To find the product of c and d, where c and 
d are any natural numbers, add "c" addends each of which Is d. 
The product of 4 and 5 Is found by performing the addition 
5+5+5+ 5; the answer Is 20. Short cuts in performing 
multiplication, with which the pupils are already familiar, 
involve the use of a memorized multiplication table and 
application of the distributive principle. This Is discussed 
later, In the set of natural numbers, multiplication is 
defined in terms of addition* There Is no restriction on 
addition in this set of numbers and so there Is no restriction 
on multiplication. The set of natural numbers has the property 
of closure under multiplication. 

Division Is defined as the lq verse operation of multi- 
plication. The quotient a ■* b *Q is determined by solving 
the corresponding multiplication problem (Q)(b) = a. For 
example, the quotient 12 + 4 - □ is determined by solving the 
multiplication problem (n) (4) = l*; the answer is 3. Division 
requires the knowledge of a multiplication table. In the set 



of natural numbers, division may also be defined In terms of 
repetitive subtraction* The quotient 12 + 4 Is the number of 
successive times that the number 4 can be subtracted from 12 
and the resulting differences such that the final remainder Is 
zero. The number 4 may be subtracted from 12 and the resulting 
differences 3 times with a final remainder of zero. The 
quotient 12 ♦ 4 is therefore 3. 

Of these two definitions of division, the one of greatest 
value is that of division being the Inverse operation of multi** 
plication. This definition is valid in all the sets studied, 
the Integers, the rations Is, ana the real numbers. 

For some pairs of natural numbers there is no quotient in 
the set. For example, in determining the quotient $ * 3 s □ 
the corresponding multiplication is (d)(3) = 5» There is no 
natural number that, when multiplied by 3* will result in the 
product 5. Therefore, the set $f natural numbers does not have 
the property of closure under division. 

In this set of numbers, multiplication is distributive over 
addition and it is also distributive over subtraction. If a, 
b, and c represent any natural numbers, then a(b + c) * ab + ac 
and a(b • c) ' ab - ac. This distributive principle may also 
be written ab ac » a(b + c) and ab - ac = s(b - c) or even as 
ab + ac - (b + c)a and ab - ac * (b » c)a. Thus multiplication 
is distributive over addition from the left or from the right. 
This principle has been used by the pupils for several years in 
performing multiplications such as (567) (23*0* The number 234 
may be considered to be the sum 200 + 30 + 4. The multi- 
plication is (56?) (200 + 30 + 4) « (567) (200) + (567)(30) + 

(567) (4). This is written as: 



Addition is not distributive over multiplication and sub- 
traction is not distributive over multiplication. 



a - (be) ¥ (a - b) (a - c) 

Multiplication is not distributive over division and 
division is not distributive over multiplication. 

a (b + c) ¥ (ab) + (ac) 



Division is not distributive over addition nor subtraction 
from the left, but division jLs distributive over addition and 
subtraction from the right, vheh the replacement set of the 
variables is such that the indicated quotients are all natural 
numbers. 




567 



or as 




1701 



a + (be) ¥ (a * b) ( a^+ c) 
and 



and 

a + (be) ¥ (a + b)(a + a) 
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a + (b + c) ¥ (a * b) + (a ♦ c) 
and 

a ♦ (b - c) / (a + b) - (a * c) 

But (a + b) + c = (a + c) + (b + c) 

and (a - b) + e * (a + e) - (b + c) 

This can be demonstrated by substituting natural “umbers for 
the letters a, b, and c and performing the indicated operations. 

The set of natural numbers also has the property of the 
existence of an identity element under multiplication. The 
product of any natural number a and the number 1 is the number 

a. Thus (a)(1) * a. 

The natural numbers are commutative and associative under 
the operations addition and multiplication, a * (b + c) - 
(a + b) + c and a(bc) * (ab)c. ! The properties of the natural 
numbers such as closure, commutative property, associative 
property, and distributive property are actually axioms of the 
system. They are not proven to be true; they are accepted as 
true for the purpose of establishing a useful number system. 

The teacher may wish to establish this fact that the 
of the natural numbers are accepted axioms at the beginning or 
the algebra course so that the pupils will have an understanding 
of axioms and their purpose in our number system when other sets 
of numbers are studied. 

The pupils may also benefit from a discussion of inverse 
operation. Addition and subtraction are inverse operations of 
each other, and multiplication and division are inverse opera- 
tions of each other. Using the symbols • and # to represent 
operations and the letters a, b, and c to represent numbers 
fl ® Is the Inverse of means tnat if « # b = c, then c w t> • a. 
Applying this concept of inverse operation, the pupils may be 
given the task of showing that certain pairs of operations are 
not inverse operations, such as addition and division, 
traction and multiplication; subtraction and division, addition 
and multiplication. For example, it can be shown that addition 
and division are not inverse operations because 12 * 4 s lo 
but 16 + 4 / 12. 



3.3 ADDITION IN THE SET OF INTEGERS 

Addition in the set of integers, like addition in the set 
of natural numbers, may be defined in terms of counting. 

Counting in the set of integers can be carried out indefinitely 
in the positive direction or indefinitely in the negative 
direction. Before addition is defined, certain terms and symbols 
should be discussed. The positive integers may be written with 
a sign in front of the number such as +3 or with the n+ " 
raised slightly such as + 3 to as not to be confused with the 
symbol for the operation addition. However, it is common 
practice to drop the sign and write the positive integers 
in the same manner as the natural numbers. That is, the integer 
+5 may be written as 5. 
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The negative Integers are written with a "-" sign in front 
such as -3 or with the sign raised slightly such as *3. Zero 
is neither positive nor negative. 

The Integers may be represented by points on a number line 
such as: 

rfh.,*, I I I 1 I 1 1 1 1 L> 

-5-4-3-2-10 1 2 • 3 4 5 



In such a graph any integer Is greater than any Integer to Its 
left. The Integer 3 Is greater than the Integer -31. This Is 
indicated In symbolic form by writing 3 > -3l» 

The absolute value of an Integer Is the number of units an 
integer is from zero on a number line. The Integer +6 is six 
units from zero so Its absolute value is 6. The Integer -8 Is 
eight units from zero so Its absolute value Is 8. The symbol 
for absolute value Is two short vertical parallel line segment 
one on each side of the number #uch as |-8|. If the letter b 
represents a positive Integer, | b | s b and J — b | s b. The 
absolute Value of zero Is zero, I thus | 0 { = 0. 

When the Integers are represented by points on a number 
line, any two integers which are the same distance from zero 
are called opposites or Inverse! of each other. For every 
Integer a there is an integer b such that their sum is zero, 
a + b * 0. The integer b Is the additive Inverse or opposite 
of a. If an integer is represented by the letter x, Its Inverse 
Is represented by -x. The symbol -x Is read "the inverse of x." 
The letter x may represent any Integer. If x is a positive 
Integer, -x is a negative integer. If x is zero, -x is zero. 

If x Is negative, -x must be positive. The symbol -(-3) is 
read "the Inverse of negative three." The Inverse of a negative 
Integer Is the corresponding positive Integer, thus -(-3) s 3» 

The sum a + b In this set may be determined by counting. 

If b Is a positive integer, the counting begins at the Integer 
a and is carried out "b“ consecutive integers In the positive 
direction. If b is a negative integer, the counting begins at 
the integer a and is carried out in the negative direction a 
number of consecutive Integers equal to the absolute value of 
b. If b is zero, the sum is the integer a. 

A number line is a very useful tool in teaching addition 
of integers. The addition 5 + <-8 may be represented by the 
arrow below. -8 _j 




The addition is performed by counting eight consecutive integers 
in the negative direction from the sura is ”3* The addition 
-1 + -6 may be represented as: 
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L — 1 1 l « « ■ ■ \ 

6 -5 -4 -3 -2 -1 0 1 



The sun Is -7. 

The use of such a number line clearly demonstrates that the 
sum of two positive Integers must be a positive Integer and the 
sum of two negative Integers must be a negative Integer* In 
both Instances, the absolute value of the sum Is equal to the 
sum of the absolute values of the Integers being added. The 
pupils can be led to discover this by doing a few such addition 
problems* The sum of two Integers of opposite signs, one 
positive Integer and one negative integer, Is a little more 
difficult to calculate. Howeve*, by doing a number of such 
addition problems most pupils can soon discover that the 
absolute value of the sum of two Integers Is equal to the dif- 
ference of the absolute values of the Integers being added, 
and the sign of the sum of the two Integers Is the sane as the 
sign of the addend that has the larger absolute value. 

These rules for adding Integers are sometimes stated as 
follows: 

(1) To add two Integers with the sane sign, add the absolute 
values of the two numbers. The sum will have the common 
sign. 

(2) To add two integers having unlike signs, find the dif- 
ference between their absolute values. The sun will have 
the sign of the addend having the larger absolute value. 

These rules are very convenient but emphasis must be placed on 
having the pupils discover these rules for themselves after 
having mastered the basic concept of addition, Instead of 
having the teacher give them the rules. 

One Interesting relation that may be discussed Is that the 
sum of absolute values of two Integers does not always equal 
the absolute value of the sum of the Integers. That Is, 
ia| + |b| = |a + bl Is not true for all Integers a and b. 

For example, |-6| + |4| * |-6 + 4|. |-6| + |4| * 10 while 

|-6 + 4| • |-2| - 2, and 10 ¥ 2. 

Under addition, the set of Integers has all the properties 
of the set of natural numbers under the same operation, plus 
one additional property. Under the operation addition, the 
set of Integers has an Identity element. The sum of any Integer 
a and the Integer zero is the Integer a. Thus a + 0 * a. The 
number zero Is the additive Identity element. 



3.4 SUBTRACTION IN THE SET OF INTEGERS 

Subtraction in the set of Integers, like subtraction in 
the set of natural numbers, is defined as the Inverse oneratlon 
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example, (-6) - (-9) 55 □ has the same solution set as 

r-i ♦ (-o) = -6. The Integer 3 ms* «dded to -9 to give a 

Sa of -6; therefore, (-6) - (-9) * 3- Subtraction W «lso 

be” defined in terms of counting, Th * I h ? SSection 

found by starting at the Integer a and counting in the direction 

opposite to that used in additidn a number 

Integers eaual to Ibl. If b is a positive Integer, counting 
tfSSJPEfc in the negative direction. If b is a negative 
integer, counting is carried out in the positive direc i • 

This can beaemonstrated by use ofthe numberline.For 

example, to find the difference (-6) - (-9), the 

begins at -6 and is carried out nine consecutive integers in 

the positive direction. 



-7 -6 



-5 






-3 -2 -1 0 



The difference (-6) » (-9) is 3» 

Counting nlm numbers from -6 in the positive direction is 
the same as adding 9 to -6. Thf difference (-6) - (-9) *»d 
the sum (-6) + (9) ■-« the sane number. Therefore, (-6) - (-9) 
s (-6) + (9). Subtracting a negative integer -b from an integer 

a gives the same result es adding the "J *2 J* 

a I (-b) « a + b. The difference -5 - 9 if determined b* 
counting nine numbers from -5 in the negative direction. 

Counting nine numbers in the negative direction fr ®“ "5 dives 
the same result as adding -9 to -5; that Is, -5 - 9 « -5 ♦ (-9). 



-9 






w -i4 -13 -12 -il -io -9 -8 -7 -6 -5 






The answer is -14. -5 - 9 * -14 and -5 ♦ ( e 9) * -l4« Sub- 
tracting a positive integer b from any integer a gives the same 
result as adding the Inverse of b to a. Thus a - b * a ♦ l-b). 

These two rules may be summarised as "subtracting «jy 
intMar b from anv integer a is equl valent to adding the inverse 
tfb*" in")!" Aiiln th. -pta.1. l ? ooh.Un* 

the pupils differ this rule for themselves by applying the 
basic concept of subtraction in the set of integers. 

In 8X. subtraction of nogative integers t?as an 

optionSl“opR fhoie pupils who studied subtraction of nja*- 
tive integers last year will need only a qulcic ^5 

topics. Those pupils who did not study this * 

more careful development of the concept of subtraction in the 

integers. 

The difierence of the absolute values of 
not always equal to the absolute value of the difference of the 
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two nuabers. The statement la| - I b | = I a - b | is not always 
true. 19 1 - l-6| ¥ 19 - <-6)|. !9|-|-6|«3. I 9 - (-6) | 

“ 15, and 3 ¥ 15. 



3.5 MULTIPLICATION IN THE SET OF INTEGERS 

Multiplication of two positive Integers is defined in the 
sane aanner as aultiplication of two natural nuabers. The 
product of a end b, where a and b are any two positive integers, 
is found by adding a addends each of which is b, just like in 
the set of natural nuabers. The sua of any nuaber of positive 
integers is a positive integer so the product of two positive 
integers is a positive integer. Its absolute value is equal 
to the product of the absolute values of the two nuabers being 
aultiplied. The product of any integer and sere is therefore 
zero. 



There are several ways of presenting the concept of multi- 
plication of two integers, one of which is positive and one 
negative. Such a aultiplication may be defined in teras of 
addition. If +a represents a positive Integer and -b represents 
a negative integer, the product (+a)(-b) may be determined by 
adding a addends each of which is -b. The product (5) (-4) may 
be found by performing the addition (-4) + (-4) + (-4) + (-4) + 
(-4); the answer is -20. The Integers have all the properties 
that the natural numbers have including the coamutative property 
under aultiplication. The product 1-3) (2) is equal to the 
product (2) (-3). Regardless of whether the negative integer 
coaes first or second, the product may be found by performing 
the appropriate addition of equal negative addends. The sum of 
any number of negative integers is a negative integer. There^ 
fore, the product of any two integers, one negative and one 
positive, is a negative Integer. The absolute value of the 
product is equal to the product of the absolute values of the 
integers being aultiplied. 



Another aethod of presenting the concept of multiplication 
of two Integers with unlike sighs is by making use of the 
distributive principle. There are two ways of perforaing the 
aultiplication 5 14 + (-4)J . Ohe way is to first perform the 
addition within the brackets and then perform the multiplication. 
5 [4 + (-43 * (5H0) * 0 ; therefore 5 14 + (-4)3 - 0. A 
second way of parformlng the indicated operations is to apply 
the distributive principle 



(5) 



5 [4 + (-4 
(4) + (5)(- 



4)3 = 0 
... .-4) = 0 
20 + (5) (-4) = 0 



The only number that when added to 20 will result in the sum 
zero, is -20$ therefore, (5) (-4) must equal -20. 



The product of any positive integer (4a) and any negative 
Integer (-b) aay be found in this way. 

(+a) f(+b) + (-b)3 * 0 
(+a)(+b) + (+a)(-b7 * 0 
+ab + (+a)(-b) * 0 

Thus, the additive inverse of +eb is (+a)(-b). But the addi- 
tive inverse of +ab is -ab. Therefore, (+a)(-b) must equal -ab. 



The product is negative and its absolute value is equal to the 
product of the absolute values of the numbers being multiplied. 



A third method of demonstrating the product of two 
integers with unlike signs is by the use of a number pattern. 
To demonstrate the product (3) (-2) the following may be used. 

(3) (3) = 9 
( 3 ) ( 2 ) = 6 
(3) (D = ,3 
( 3 ) ( 0 ) = >0 



(3) (-1) 

(3) (-2) = A 



The pattern of the product is pointed out to the pupils. They 
can recognize this pattern and see that if the pattern is to 
continue, the product of (3)(~1) must be -3 and the product of 
(3) (-2) must be -6, They can be shown in this way that the 
product of two integers with unlike signs must be n«Kftive. 
This number pattern method may also be used to show that the 
product of two negative Integers must be a positive integer. 
For example, 



(-3) (3 
(-3) (2) 
(-3HD 
(-3H0) 

(-3K-1) 

(-3) (-2) 




The pupils can be led to see the pattern of the products and if 
the pattern of these numbers is to continue, the product of 
(-3K-1) must be +3 and the product of (-3) (-2) must be +6. 

They can see that the product of two negative integers must be 
a positive Integer. 



Th© concept of multiplication of two negative Integers may 
be presented by making use of the distributive principle. 

-6 [5 + (-5X1 * 0 
(-6) (5) * (-6) (-5) * 0 
-30 + (-6) (-5) = 0 

Thus, the additive inverse of -30 is (-6) (-5). But the additive 
inverse of -30 is +30. The only number that will result in the 
sum zero when added to -30 is +30. Therefore, (-6) (-5) must 
equal +30. If -a and -b represfnt any negative integers, then 

-a f b + (-b)l 5 0 
(-a)(b) + (-a)(-b) = 0 
-ab + C-aH-b) = 0 



Thus, the additive Inverse of -ab is (-a)(-b). But the additive 
inverse of -ab is +ab$ therefore, (-a)(-b) must equal +ab. 



The product of two negative Integers is a positive integer 
and its absolute value is equal to the product of the absolute 
values of the integers being multiplied. The set of integers 
has an identity element under the operation multiplication. 

(+a) (+1) * +a 
(-a) (+1) * -a 
(OH+l) * 0 
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The product of any integer a and the integer +1 ii the integer 
a. The integer +1 is the identity element under multiplication. 

Very often teachers attempt to select some common every- 
day living experience with which the pupil is familiar and use 
this experience as an example of multiplication by a negative 
integer. There are very few. if any, common every-day experi- 
ences which are actual examples of multiplication by a negative 
integer. Such multiplication is a mathematical operation and 
it is probably best to discuss it in terms of pure mathematics 
rather than attempt to relate it to some common experience men 
such an experience actually does not involve multiplication 
by a negative integer. This will lessen the risk of confusing 
the pupil about this operation. The product of the absolute 
values of any two integers is equal to the absolute value of 
the product of the two Integers * If +a and +b represent 
positive Integers and -a and -b represent negative Integers, 
then 

|+a I . l+b I = |(+a) (+b) I 
|+a I • l-b I = l(+a)(-b)l 
|-a I . l+b! = l(-a)(+b) I 
|-a | . |-b | = | (—a) (— b J | 



3.6 DIVISION IN THE SET OF INTEGERS 

Division in the set of integers is defined as the inverse 
operation of multiplication. For all allowable replacements 
the division a + b r c has the sane solution set [(«| 9 9 c i m 

I as the corresponding multiplication cb * a, and the 
ication da = f has the same solution set as the cor- 
responding division f + a - d, division by zero being excluded. 
The division -14 + -7 = □ n»ey be solved by first writing the 
corresponding muitiplicaHon OH-7) a -1 h «n<2 determining what 
integer multiplied by -7 results in the product -14; the answer 
is +2. After the pupils have mastered this concept of division, 
they can then bo led to discover the common short cuts in 
performing division. 



If the quotient of two positive integers is an integer, it 
is a positive integer. If +a and +b represent positive integers 
and -a and -b represent negative integers, the corresponding 
multiplication for the division +a + +b = □ is (OH+b) = +a. 
The symbol □ must be a placeholder for a positive Integer 
because if it were replaced by a negative integer, the product 
would be negative and if it were replaced by zero, the product 
would be zero. The product is neither negative nor zero, sc 
□ must be a placeholder for a positive Integer. 



If the division is possible, the corresponding multi- 
plication for the division +a + -b = □ is (CD)(-b) = +a. If 
□ were to represent a positive Integer, the product would be 
negative. If □ were to represent zero, the product would be 
zero. If □ represents a negative integer, the product is 
positive. The product is positive so Q «ust represent a 
negative integer, if the division is possible. In this same 
way it can be demonstrated that the quotient -a *• +b must be a 
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of integers. 






The rules for division of Integers say be summarised as 

follows: . . ... 

(1) The quotient of two Integers with like signs is a positive 
integer, if the division cin be performed in the field of 

i tegers. 

(2) Ti«e quotient of two integers with unlike signs is a nega- 

tive integer, if the division can be performed in the 
field of integers. _. .. . . 

(3) The quotient, which results when sero is divided by any 
lntegt. other than sero, is sero. 

(h) Division by sero is undefined and not permitted. 

(5) The absolute value of the quotient is equal to the 
quotient of the absolute values of the dividend and 
divisor. 

If the quotient of the absolute values of tw;> integers is 
an integer, it is equal to the absolute value of the quotient 
of the two integers. 



Here +« and +b represent any positive integers and -a and -b 
represent any negative integers such that the indicated 
quotients are also integers. 



3.7 TK3 PROPERTIES OP THE SET OP INTEGERS 

The sat of integers has all the properties of the set of 
natural numbers plus some properties in addition to those of 
the natural numbers. The set of integers has the property of 
closure under subtraction. Subtraction may be defined in terms 
of counting, and counting may be carried out indefinitely in 
either the positive or the negative direction. There is no 
limitation on counting in the set of integers so subtraction 




l+a| ♦ l+b| s |+a + +bl 
l+a| + |-b|* l+a + -b| 
I -a I + l+b|« | -a + +b| 
|~a| + |-b|« | -a + -b| 
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will have closure in this set of nuabers. The set of lntecers 
does not have the property of closure under division. There is 
no quotient in the set of integers for the division -7 + -5. 
There is no Integer y such that (y>(-;>) * -7» The set of 
Integers has the property of having an additive Inverse for 
every element in the set. For every integer a there exists an 
Integer -a such that a ♦ (~a) =0. If a is positive y -a Is 
negative. If a Is negative, -a is positive. If a Is zero, -a 
is zero. The symbol -a is the symbol for the inverse of the 
Integer a, She symbol -a may represent a positive integer, a 
negative integer, or zero. This sometimes causes confusion 
on the part of the pupils. They often tend to consider -a as 
representing only a negative integer. The symbol -a should not 
be read "negative a;" it should be read "the Inverse of a." 

This will lessen the chance for confusion about this symbol. 

The set of Integers has an additive identity element, the 
integer zero. The sum of zero and any Integer a Is the integer 
a. Thus a + 0 s a. 

The set of Integers has three properties not found in the 
set of natural numbers. 

(1) Closure under subtraction 

(2) The existence of the identity element under addition 

(3) The existence of an inverse element for every element 
under addition 



Teacher M gu, 1 






t 

1 



i 



i 




4 



49 






o 



UNIT 3s THE SET OF INTEGERS 



PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE 



3.1 INTRODUCTION 

Tfre questions and activities In this unit have been 
selected t^'pbrmit coverage of the essential concepts of the 
properties of the set of natural numbers, the set of Integers, 
and the operations In these sets of numbers In the length of 
time suggested In the course outline. This means that the 
concepts must be presented vlth an efficient use of class time. 
If additional questions and activities are needed or if the 
teacher desires a slower, more Systematic presentation of any 
of the concepts It Is suggested that pertinent material from 
Mathematics BX be used. 



3.2 THE BET OF NATURAL NUMBERS 

Concept ; Use of the natural numbers. 

(1) For what purpose was the natural numbe rs 

developed ? 

Answer : The natural numbers were developed for 

counting and Indicating quantities. 



Concent ; The properties of natural numbers. 

(2) Answer the following questions . 

(a) Is there a least natural number? 

(b) Is there a greatest natural number? 

Answers : 

(a) Yes, the least natural number Is 1. 

(b) No, there Is no greatest natural number. 

(3) How may the sum of any two natural numbers such 
11 1 iM 1 i>£ obtained ? 

Answer : The sum of the two natural numbers 5 and 7 

may be obtained by counting 7 consecutive numbers 
from 5 in the direction of the larger numbers. The 
sum would be 12. 

(k) What properties does the 3et of natural numbers 

MY£ under addition? 



Answer : Under addition, the set of natural numbers 
has the closure property, the commutative property, 
and the associative property. 



(5) What la meant fry the closure property under 

addition? 
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Answer : The closure property for addition in the set 

of natural numbers , means that the sum of any two 
elements in the set of natural numbers is an element 
in the set. The sum of any two natural numbers is a 
natural number. 

What is meant bv che commutative property under 
addition In tbs ssl natural numbers? 

Ariswer : The sum of any two natural numbers is the 

same regardless of the order in which the addition is 
performed. 

Mfagt IS isant 21 tbs associative p roperty under 
addition in the set of natural numbers ? 

Answer : The sum of any three natural numbers is the 

same regardless of wh4ther the sum of the last two 
numbers is added to the first or whether the sum 
of the first two is added to the last. 



flow maZ the n£odu<rt Sfli tM2 natural numbers 
such as 3 and 5 be obtained ? 



Answer : The product of 3 times 5 is obtained by 

adding three 5*s. 3 * 5 = 5 + 5 ♦ 5 = 15. 

What properties do .the set of natural numbers 
iMfi under multiplication ? 



Answer : The natural numbers have the closure property, 

the commutative property, and the associative property 
under multiplication. Also, the set has the identity 
element, l, under multiplication. 



What la meant bv an identity element under 
multiplication? 



Answer : For every element a in the set of natural 

numbers, a • 1 = a. 



Pwrlbe iba confept sL subtraction In Ibfi asl 
SL natural numbers. 

Answer : Subtraction Is the inverse of addition. 

Where a, b, and c are natural numbers, a - b = c, if 
and only if, c + b = a. 



How may this concept of subtraction be used to 
ca leu late £bfi difference 

Answer : 16 - 4 = CD baa the same solution set as 

Q + 4 = 16. 

The problem is solved by determining what number 
must be added to 4 to result in a sum of 16; the 
answer is 12. 
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(13) 



Does the subtraction problem 2 - 3 = CD MiS 
a solution In the set of natural numbers ? 

Answer : No, this subtraction problem has no solution 

in the set of natural numbers. 7 - 9 = □ has the 
same solution set as □ + 9 = 7 . There is no natural 
number that can be added to 9 to give a sum 7 • 



( 14) What restriction ifi there on J&S QPgratlgfl .safe' 

traction in the set ££ natural nmsfrera? 

Answer : The minuend must be greater than the sub- 

trahend. 



( 15) Does the set $£ natural numbers have IhS. 

property closure subtraction? 

Answer : No, if the minuend is equal to or less than 

the subtrahend, the difference is not in the set of 
natural numbers. 



(16) Is. statement 2 - 1 = 1 ~1 



Answer : No, 7 - 5 ¥ 5 - 7 . 7 - 5 is equal to the 
natural number 2. The difference 5 - 7 is not in the 
set of natural numbers. 



( 17) Does the set o£ natural numbers hay.?. J&S 

commutative property under subtraction? 



Answer : No 

( 18) Is. the statement 8 -(£ - 2) = (8 - - 2 true? 

Answer: No. 8 -(5 -2) =8-3=5 

(8 - 5) - 2 = 3 - 2 = 1; 
therefore, 8 - (5 “ 2) ¥ (8 - 5 ) “ 2 

(19) Does the set of natural numbers have the 
associative property under subtraction? 



Answer : No 

(20) What Is the concent sL division in OL 

natural numbers ? 

Answer : Division is the inverse operation of multi- 

plication. 

(21) How may concept of division be amillM Is 

calculating the quotient o£ 12 + 2. - 

Answer : 18 + 6 = O has the same solution set as 

(( — i) (6) - 18, The problem is to determine what 
number multiplied by 6 gives a product of 18; the 
answer is 3* 



i 

! 

I 

t 
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Does the division problem 3 + 5 = O ha.Vg 3Q 
answer in the set of natura L numbers? 

Answer: No, this does not have an answer in the set 

of natural numbers. 3 * 5 * □ has the same solution 
set as (o)(5) = 3. There is no natural number 
that will produce a product of 3 when multiplied by 

5. 



What restriction is there an MS OPgraU-QD 
division in ills a£ natural number?? 

Answer: Division in the set of natural numbers is 

restricted to dividends that are multiples of the 
divisor. 

Does the set $£ natural numbers J&S 

property of closure under division? 

Answer : No, if the dividend is not a multiple of the 

divisor the quotient is not in the set of natural 
numbers . 

JS tM statement lg + 4 = 4 + 12 br.Ufi? 

Answer : No. 12 + 4 * 3» The quotient 4 + 12 is not 

in the set of natural numbers; therefore, 

12 + 4 j* 4 + 12. 

Does the set a£ natural numbers Mia 1M 
commutative property UI)4gI division? 

Answer : No 

Jjj the statement 48 + (i2 + 4) = (4§ + 12 ) * it 
true ? 



Answer : 

No 

48 (12 + 4) = 48 + 3 = 16 

(48 + 12) + 4 = 4 + 4 = 1; 

therefore, 48 + (12 + 4) ? (48 + 12) + 4. 

D flga the set a£ natural numbers Mia 1M 
associative property iMiSI division? 



Answer : No 



What property jqI JM natural numbers Involm 
both multiplication aM addition and. MM multiplica- 
tion and subtraction ? 



Answer : The distributive property. Multiplication 
Is distributive over addition and multiplication is 
distributive over subtraction. 



Summarize the properties a£ 1M nabun.1 numbers , « 
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■£xf’”""ciosure property under addition and raultiplica- 

(2) Commutative property under addition and multi- 

(3) Associative property under addition and multi- 

(4) Property^hat multiplication is distributive 
over addition and subtraction 

(5) Existence of an identity element under multi- 
plication 

(31) Name the property o£ which 9jL£h <l£ &2£ fpl}9 . yi flg 

l£ an example. 

(a) 3*(4*5) = (3*4) *5 

(b) 5+9 =9 + 5 

(c) 11*1 =11 

(d) 1 + (8 + 17) = (1 + 8) + 17 

(e) 8*17 = 17*8 

(f) 6(4 + 3) ~ 6*4 + 6*3 

(g) 7(4 - 2) = 7*4 - 7*2 

la) ^Associative property under multiplication 

(b) Commutative property under addition 

(c) Identity element under multiplication 

(d) Associative property under addition 

(e) Commutative property under multiplication 

(f) Distributive property 

(g) Distributive property 



3.3 ADDITION IN THE SET OF INTEGERS 

Concept : Counting in the integers. 

(1) Bflttflaanfc al lnHaaau ix * 

nunfrar UUaa m yMc h eau a -Uy acac-sd 
the integers. flow does counting in J&hajai &£ 
intepers dlffer from jaunting In m JLBli Si HaSilEll 
numbers ? 

Answer: 



-4 -3 



-2 -1 



■fl + 2 +3 +4 



Counting in the set of natural numbers can be per- 
formed indefinitely in the direction of greater 
numbers, but can be performed only as far as the 
number 1 in the direction of smaller numbers. In the 
set of integers, counting may be performed indefi- 
nitely in either the direction of greater numbers 
or the direction of smaller numbers. 
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Concent : Order in the set of integers. 

(2) numbe ^ - ^f^ r ^fg e | ^ ?g?rg ’ ^ greater 

Answer : When the Integers are represented as shown 

on the previous page with the positive Integers to 
the right of zero and the negative Integers to the 
left of zero, any integer is greater than any other 
integer to its left, 

(3) In ms ! i sL J&g following) Indicate ahlah la ifas 
nail Is ibs groatoz number . 

Ta) 0, ~ (b) -13, +1 



(a) 

Concept : 

(>t) 

(a) 

(b) 



Answers : 

0> -6 



(c) -5, +5 

(c) +5 > -5 



( 6 ) 



(7) 



(b) +1 > -13 

Absolute value of an integer. 

Answer the following questions . 

When the Integers are represented on a number 
line, how many units from zero is the Integer 
- 6 ? 

How many units from zero is the integer +6? 



( 5 ) 



Answers : 

(a) The integer -6 is six units from zero. 

(b) The integer +6 is six units from zero. 

The symbol l+6| is read "the absolute value of +6." 

The symbol | -6 j is read "the absolute value of -6." 

Ei shiazilniL following, abai would isn iblnk 

il ibfi meaning g£ absolute value? 

I+6| = 6 
1—6 | = 6 

1+171 : g 



I -2*+| 
10! 



= o 



Answer : It appears that the absolute value of an 

Integer is the number of units from zero the integer 
is on a number line. 

Wgaii 11 ifi naaalfelfl Ion an Integ er & have A 
flgg&fcm absolute Mine'? wbi? 

Answer : No, the distance of an Integer from the 

integer zero can be a positive number of units or 
zero units. The Integer may be located in the nega- 
tive direction from zero but its distance from zero 
cannot be a negative number of units. 

E2z.sasb.2f J lbs following, lndlsala wbothor. iba 

f I ISO e 



i.tflJ?tmont 1 i ina sl 

(a) |-16| > 1? 

(b) |0 > -1 



(!) 



-1 < l-ll , , 

|lf + 7| / |-4 1 + I -7 I 
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Answers : 

(a) True (b) True (c) True (d) False 
Concept : Addition of two positive Integers. 

(8) His .p<??l.UY3 integers closely resemble what 
.<?f numbers studied previously ? 

Answer : The set of natural numbers j 

(9) The operations with two positive integers are 

identical to the same operations with the natural 
numbers . j 

Dggcrib? iiaw jaiS addition (+£)+( +2) could Jjg 
performed . 

Answer : The addition (+*>)+ (+7) could be performed 

by counting seven numbers from +5 in the direction 
of greater numbers; the sum would be +12. I 

( 10) MsnJLd £h£ ma 1*2 Positive integers always 
hS. a positive integer ? Mix? 

Answer: The sum of two positive integers is always 

a positive integer. To add two positive integers , \ 

counting begins at a positive integer and is carried j 
out in the positive direction. The sum, therefore, i 
must be a positive integer. 

(11) Describe the absolute value of the sum of two 

■ Pg . g l Uye lntaKerg in Isms sL lbs absolute values &£ j 
lb£ integers . 

Answer : The absolute value of the sum of two positive 

integers is the sum of their absolute values. 



Concent : 

( 12 ) 



(13) 



(Ik) 



Addition of two integers with opposite signs, 
IX Jtbfi .2113 nX (+5) + (+2) i! found by counting 



.se.YJn consecutive integers tjia positive direction 
Una +5» to nnull .£ba mo T+5T+ (■■7) be found ? 

Ang.VffXi The sum (+5) + (-7) could be found by 
counting seven consecutive integers from +5 in the 
negative direction. 

is jaS ’POP * **4^’ 

toSMSL* "2 

lbs ml aX .Mwn baa all lbs properties q £ 
lbs jam aX natural xmobsn* 'this means the Sit <21 
l oSJJWrg ffliim te wtn.g.tl PMP.ertiesunder addition ? 

Answer : Closure, commutative property, and 

associative property 
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(15) Bj[ making use of the commutative principle , how 
could the sum (-<?) + (+&) 222 determined ? 

Answer : (-9) + ( + 6) Is equal to the same sura as 

(+o) + (-9)* The sura may be found by counting 9 
consecutive integers froa +6 in the negative direc- 
tion. 

(16) Find the sum of each of the following . 

(a) (+17) + (-16) (c; (-642) + (+600) 

(b) (-21) + (+10) 



Anaafflci* 

(a) +1 (b) -11 (c) -42 

(17) Examine the three examples below. 

(+17) + (-16) = +1 
(- 21 ) + (+ 10 ) = -11 
(-642) + (+600) a -42 

How does the absolute value of the answer 
cg>mpare to the absolute .value integers being 

added? 



Answer : The absolute value of the sum is equal to the 

difference of the absolute values of the integers 
being added. 

(18) When adding two Integers with opposite signs. 

h SH £02 mi tell whether ihg flflgyflE Hill 222 22211122 
or negative ? 

Answer : The answer will have the same sign as that 

addend that has the greater absolute value. 



(19) 



The positive integers have ail the properties of the 
natural numbers and are often written without the 
"+" sign. For example, +5 is often written simply 
as 5. This simpler notation is used throughout most 
of this unit. 




Find the sum of each of the 
(-1449) + (1644) (c) 

(-8765) + (9341) 



■fallowing. 

(7733) + (-8389) 



Answers : 

(a) 195 (b) 576 (c) -656 

Concent : Addition of two negative integers. 

(20) Answer 1HS fallowing questions . 

(a) How is the sum of 3 + (-6) found? 

(b) How do you think the sum of (-3) + (-6) could 
be found? 

(c) What would be the sum (-3) + (-6)? 



Mazsz&t 

(a) The sum of 3 + (-6) is found by counting six 
consecutive Integers in a negative direction 
from 3* 
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( 21 ) 



( 22 ) 



(b) 



(c) 



(a) 

(b) 



The sura (-3) + (-6) could be found by counting 
six consecutive Integers from -3 In the nega- 
tive direction. 

-9 

(-16) + (-24) 



Answers : 

(a) -9 



(b) -40 



(c) -3006 



Examine the following three examples. 

(-8) + (-1) = -9 . 

(-16) + (-24) = -40 
(-1423) + (-1583) = -3006 

Now answer the following questions. 

(a) When adding two negative integers, how does the 
absolute value of the answer compare with the 
absolute values of the integers being added? 

(b) When adding two negative integers, how can you 
veil whether the sum will be positive or nega- 
tive? 



An svors t 

(a) The absolute value of the answer will be equal 

to the sum of the absolute values of the integers 

being added. . _ . . 

(b) The answer will always be negative because the 
counting begins at a negative integer and is 
carried out in a negative direction. 



(23) 



(a) 

(b) 

(c) 



5 * 888 * 1 . performed by 

counting in the set of integers. 

Describe briefly how the sum of any two integers 
with like signs can be determined without using 
the counting process. 

Describe briefly how the sum of any two integers 
with opposite signs can be determined without 
using the counting process. 



fa? "*5hen adding a positive integer to any integer a, 
counting is carried out in the positive direction 
from a. When adding a negative integer to any 
integer a, counting is carried out in the nega- 
tive direction from a. The counting is carried 
out a number of consecutive integers equal to 
the absolute value of the second given integer. 

(b) The absolute value sum of two integers with like 
signs is equal to the sum of the absolute values 
of the integers being added. The sum of two 
positive integers is positive. The sum of two 
negative integers is negative. 

(c) The absolute value of the sum will equal the 
difference of the absolute values of the integers 
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being added. The answer will have the same- sign 
as that addend that has the greater absolute 
value; 



Concent : Additive identity element. 



(24) 



Does there exist an ifltggor. i ansh Jilifti Shs. 22a 
of anv integer a SM & l£ A? Hiai il» X2£ §221 1 
Integer I, A + fi s 1? 



Answe r: Yes, the integer zero, 

identity element. 



Zero is the additive 



Concept : Additive inverse or opposite. 



(25) 



( 26 ) 



(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 



Answer the following .qU9?U,9115« 

How many units from zero is the integer 13 on 

the number line? „ 

In counting from 13 to zero, in what direction 
is the counting performed? , 

Counting 13 units from 13 In the negative direc- 
tion is the same as adding what Integer to 13 * 
What is the sum of 13 ♦ (-13)? 

In what direction and for how many units must 
counting be performed to count from -17 to zero? 
This is the same as adding what number to -17? 
Therefore, what is the sum of -17 and 17. 



(27) 



Wf-nit, 

(b) The negative direction 

(c) It is the same as adding -13 to 13. 

(d) 13 + (-13) s 0. 

(e) 17 units in the positive direction 

(f) This is the same as adding 17 to -17. 

(g) -17 + 17 = 0 . 

Eflt everv Integer. * la Ifcfllfl AD InlfiKflX X SilSh 
that the sum & * X la ifilfl? EXP . l alD* 

Answer: Yes. If x is any given integer and y has 

the same absolute value as x but opposite sign, the 
sum x + y is equal to zero. 

11 a ♦ x « fit x la 9«.Ufld Jibs addlfe lxa * nvy« 

or opposite of 2 . Indicate UtLS gPPPgl£.f J2l SAS l l Si 

ilia Z53Sja&» ,^ n _ , . n 

tST 16 (b) -9 (c) 0 



Antver.ai 

(a) -16 



(b) 9 



(c) 0 



( 28 ) 



AnavflE m ^2ilJ2wifl£ aua^^ 

(a) If the replacement set of JLitJthe 

set of integers and the symbol -x represents the 
opposite of x, what integer does -x represent 
when x is the placeholder for the number -3? 
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(b) Does the symbol -x always represent a negative 
number? 

(c) The integer -3 is read "negative three." Should 
the symbol -x be read "negative x?" 

Answers : 

(a) If x = -3, then -x must be the opposite of -3, 
or 3» therefore, -x = -(-3) = 3» 

(b) No, -X represents a positive integer when x Is 
the placeholder for a negative integer. 

(c) No, -x may be positive, -x should be read 
"opposite of x" or "inverse of x." 



&Si fll natural numbers? 

Answer : Subtraction is the Inverse of addition. If 

a + b = c, then c - b = a. Also, if a — b = c , then 
c + b = a. 

Applying this concept subtraction i© illS SS£ 
£f integers^M a could the fllffsrenSS (~a) “ 3 * □ 

Answer : If (-6) -3*0* then □ + 3 = -6. 

The problem is to determine what number added to 3 
would give a sum of -6; the answer is -9. 

Applying the concent that subtraction t*je 
Inverse operation of addition , for each of, thg 
following write a corresponding equation Invplv^ng 
addition and Indicate ills answer is ill S Subtraction 



the second term in tjje addition problem is one aaaitlve 
inverse qt opposite £? the subtrahend in ihg corres- 
ponding subtraction problem . Find the answer i£ each 
problem and compare the two answers In each Pair gf 
problems . 



3.4 SUBTRACTION IN THE SET OF INTEGERS 
Concept : Definition of subtraction. 

( i) what is ih£ concent £i subtraction as i issd In 



problem . 

(a) -3 - 8 “ O 

(b) 3 - (-8) = □ 

(c) -9 - (-6) = □ 



(d) -89 - (-89) = CD 

(e) -100 - 194 = □ 



Answers : 

(a) □ + 8 = -3 



□ * -U 

□ = U 

a = -3 



(b) □ + (-8) = 3 

(c) □ * (-6) = -9 

(d) □ + (-89) = -89 

(e) □ + 194 * -100 



£□ = 0 



□ = -294 
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(a) 


-3 - 6 = a 


-3 + (-6) = □ 


(b) 


5 - 9 = a 


5 + (-9) = □ 


(c) 


6 - 4 = □ 


6 + (-4) = □ 


(d) 


-8 — (—7) = t 1 


-8 + 7 = □ 


(e) 


-io - (- 17 ) = a 


-10 + 17 = □ 


Answers: 




(a) 


-3 - 6 = □ 


-3 + (-6) = a 




a + 6 = -3 

□ = -9 


a = -9 


(b) 


5 - 9 = □ 


5 + (-9) = □ 




CD +9=5 

□ = -4 


a = -4 


(c) 


6 - 4 = □ 


6 + (-4) = □ 




□ + 4 = 6 

□ = 2 


□ = 2 


(d) 


-8 - (-7) = □ 


-8 + 7 = □ 




□ + (-7) = -8 

□ = -1 


□ = -1 


(e) 


-10 - (-17) = □ 


-10 + 17 = CD 




CD + (-17) = -10 
□ = 7 


a =7 



In each of the pairs of examples the two answers are 
the same. 



(5) The previous examples indicate that the subtraction 
x - y may be performed by carrying out a corres- 
ponding addition. 

What addition corresponds $h£. subtraction 
x » £? 



Answer : x + (-y) 

(6) Solve each of the following 

carrying out the co rresponding addition . 

(a) (-18) - 9 (c) 44 - (-50) 

(b) (-35) - (-26) (d) 81 - 42 



Answers : 

(a) -18 + (-9) = -27 

(b) -35 + 26 = -9 



(c) 44 + 50 = 94 

(d) 81 + (-42) = 39 



Concept : Closure under subtraction. 



(7) Does every integer h t ave an opposite ? For every 

integer x there a -x? 



Answer : Yes, for every integer x there is an integer 

-x such that x + (-x) = 0. Every integer has an 
opposite. 
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(8) If every subtraction x - £ in the Integers majr 
be performed by carrying out the correspo nding addi- 
tion xT (-y) , does the set of integers have closure 
under~*subtractlon ? 

Answer : Yes, the set of integers has closure under 

subtraction. 

(9) Answer the following questions. 

(a) Is the statement (- 3 ) “ (- 4 ) = ( _ 4 ) “ (" 3 ) a 
true statement? 

(b) Does the set of integers have the commutative 

property under subtraction? _ 

(c) Is the statement (- 3 ) - - (-2)J = 

£(-3) - 4 j - (- 2 ) true? 

(d) Does the set of integers have the associative 
property under subtraction? 



Answers : 

(a) No, (- 3 ) - (- 4 ) = (- 3 ) + 4=1 
( 4 ) - (- 3 ) = -4 + 3 = -1 

Therefore, (- 3 ) - (- 4 ) f (- 4 ) = (- 3 ) 



(b) 

(c) 

(d) 



nS. (-3) - [4 - (-2)] = -3 - [4 + 2] = -3 - 6 
= -3 + (-6) = -9But_[(-3)- + 4| - (-2) = [-3 + (-4)J 

Therefore, (-3) - [4 - (-2)3 j* [(-3) • 4] • (-2) 
No 



3.5 MULTIPLICATION IN THE SET OF INTEGERS 

Concept ; Multiplication of two integers by addition. 

( 1 ) In the set of natural numbers, multiplication 
was defined iQ terms g£ what other operation? 

Answer : Addition 

( 2 ) Applying the concept g£ multiplication ££ being 

JBL form g£ addition , describe he* 12 find. ShS. S 

of the following . 

(a) (3)(6) (b) (3)(-6) 

Answers : 

(a) The product ( 3 ) (6) is found by determining the 
sum 0+6+6; the answer is 18. 

(b) The product ( 3 ) (-6) is found by determining the 
sum (-6) + (-6) + (-6); the answer is -18. 

( 3 ) The set of integers has all the properties that the 
set of natural numbers has, including the commutative 
property under multiplication. 

How could this principle Jig applied tg solving 
the multiplication (-6) (£)? 

Answer : Because the set of integers has the commuta- 

tive property under multiplication, (-6) (5) = (5) (-6). 
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This product can then be found by determining the sum 
(-6) + (-6) + (-6) + (-6) + (-6); the answer Is -30. 



(a) The product of two positive Integers will always 
be what type of Integer? Why? 

(b) The product of a positive Integer and a negative 
Integer Is always what type of Integer? Why? 

Answers : 

(a) The product of two positive Integers will always 
be a positive Integer because the product Is 
found by adding a number of positive Integers. 

The sum of any number of positive integers is a 
positive Integer. 

(b) The product will be a negative integer because 
the product is found by adding a number of nega- 
tive Integers. The sum of any number of negative 
Integers is a negative Integer. 

Concept : Multiplication of two negative Integers. 

(5) Find the product si each si the following. 



(e) (-3H2) 

Answers : 

(a) -12 (b) -9 (c) -6 (d) -3 (e) 0 

Complete the table below , assuming that the num - 
ber pattern established In the first five products at 
the left continues for the three products at the 



(a) To what is the product (-3)(0) equal? 

(b) Is 0 = (-3) ♦ 3? 

(c) In the equation (-3)(0) = 0, substitute (-3) + 3 
for the first zero. 

(d) Every property of the natural numbers Is also a 
property of the Integers. What property could 
be applied to the above multiplication? 

(e) Apply the distributive property to the left side 
of the equation (-3) [(-3) ♦ 3] = 0 

(f) To what is (-3) (3) equal? 



(4) 



Answer the following questions 



(a) (-3)(4) 

(b) (-3) (3) 



(d) (-3) (1) 

(e) (-3) (0) 



right 



(-3K-D = □ 
(-3) (-2) = A 



(-3) (4) = -12 

(-3) (3) = -9 
(-3)(2) = -6 



(-3) (-3) = I 1 




Answers : 




(7) Answer following questions 
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(g) Substitute -9 for (-3) (3) in the equation 
0-3) (-3)3 + C(-3)(3)J = 0 . 

(h) What Is the only number that, when added to -9, 
gives a sum of zero? 

(i) Therefore, (-3) (-3) must be equal to what 
number? 

(j) The product of two negative Integers will always 
be what type of integer? 

Answers ; 

(a) (-3)(0) = 0 

(b) Yes r 

(c) ("3)0-3) + 3] = 0 

(d) The distributive property 

(e) (-3)0-3) + 31 = 0 
0-3)(-3)J + C(-3)(3)j = o 

(g) (-3) (-3) + (-9) = 0 

(h) 9 

(I) (-3) (-3) = 9 

(J) The product will always be a positive integer. 

(8) How does the absolute value of the product of 

IMS. integers compare with ills absolute values the 
lntaK9rg being multiplied ? 

Answer ; The absolute value of the product is equal 
to the product of the absolute values of the integers 
being multiplied. 

Indicate in each ills following what integer 
aUii bg uggd in replacing the variable in ihfi 



(9) 



( 10 ) 



(d) 


(- 6 ) 


(b) = 


12 


(e) 


(A) 


(9) = 


-27 


(f) 


(-!!)(□) = 


: 99 


(d) 


b = - 


-2 




(e) 


A = 


-3 




(f) 


i — i = 


-9 





(b) (-12) (7) = 

(c) 2a = -16 

Answers : 

(a) x = 630 

(b) y = -84 

(c) a = -8 



In .sash si ilia following, what word must is 
inserted in the blank to make the sentence g true 
statement? 

(a) The product of any two positive integers is a 

(an) Integer. 

(b) The product of any two negative Integers is a 
(an) _____ integer. 

(c) The product of any two Integers, one positive 

and one negative, is a (an) integer. 

(d) The product of any integer and zero is , 



Answers; 

(a) Positive 

(b) Positive 



(c) 

(d) 



Nagatlve 

Zero 



Concept : 

( 11 ) 

(a) 

(b) 

m 

(b) 

( 12 ) 



(d) 



Identity element under multiplication. 

Answer following questions. 

What was the identity element under multiplica- 
tion in the set of natural numbers? 

What integer is the identity element under multi- 
plication? 

Sana** 

The natural number 1 
The integer +1 

Answer ShS. following questions. 

What is meant by additive inverse? 

What would be meant by multiplicative Inverse? 
Does there exist an Integer u such that the 

E roduct of -3 and u is the Identity +1? 

oes the set of integers have the property of an 
inverse element for every element under multi- 
plication? 



Anasaia: 

(a) 



(b) 



(c) 

(d) 



If for every element a there exists an element 
such that their sum is the additive identity, 



then b is the additive Inverse of a. 

If for every element a there exists an element 
such that their product is the multiplicative 
identity, then b is the multiplicative Inverse 
of a. 

No, there is no Integer u such that -3u = 1. 

No 



3.6 DIVISION IN THE SET OF INTEGERS 



Concept : Definition of division. 

(1) Division in the set of integers is defined the same 
as in the set of natural numbers. 

Finish £hs following sentence , 
a + b = c if and only if . 



Answer : a * b = c, if and only if be = a. 

(2) What restrictions aifl placed SQ JLbfi replflCfftHt 

set for the variables jj) £&& division A + Jj = £ in 
set of integers? 

Answer : The replacement set for the variable b does 

not contain the element zero* Division by zero is 
undefined and not permitted. The replacement set for 
the variable a includes only multiples of b. 



Concept : Division involving two positive Integers. 



( 3 ) 



(a) 



Complete ill! following £X2££i£fiA. 

Rewrite the equation (+6) + (+ 3 ) = x as a cor- 
responding equation involving multiplication - 
one having the same solution set as the original 
equation. 
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(b) What Integer must be used to replace x to make 
the equation a true statement. 

(c) Rewrite the equation (+a) ♦ (+b) = x as a cor- 
responding equation Involving multiplication. 

(d) If +a and +b represent any positive Integers, 
what type of Integer must be used to replace the 
placeholder x If the equation Is to be a true 
statement? 

(e) Is the quotient of two positive Integers always 
a positive Integer? 

Answers ; 



(a) 

(b) 

(c) 

(d) 



(e) 



Concept ; 



(4) 



(a) 

(b) 

(c) 



(d) 



(e) 



(f) 



(g) 



(x)(+3) = +6 
x = +2 
(x)(+b) = +a 

The placeholder x must be replaced by a positive 
Integer. The placeholder x cannot be replaced 
by a negative integer because the product of two 
Integers, one positive and one negative, Is a 
negative integer. Also, x cannot be replaced by 
zero because the product of zero and any Integer 
is zero. Therefore, x must be replaced by a 
positive Integer. 

The quotient of two positive integers must be 
a positive number for the reason stated In (d) . 

Division of two integers, one positive and one 
negative. 

Complete the following exercises . 

Rewrite the equation (+18) + (-3) = x as a cor- 
responding equation Involving multiplication. 
What is the only Integer that can be used to 
replace x to make the equation a true statement? 
Rewrite the equation (+a) + (-b) = x as a cor- 
responding equation Involving multiplication, 
assuming that a Is a multiple of b. 

If +a represents a positive Integer and -b 
represents a negative integer, what type of 
Integer must x represent? 

Rewrite the equation (-a) + (+b) = y as a cor- 
responding equation Involving multiplication, 
assuming that a Is a multiple of b. 

If -a represents a negative Integer and +b 
represents a positive Integer, what type of 
Integer must y represent? 

If the quotient of two Integers with unlike signs 
is an integer, what type of integer is it? 



Answers ; 

(a) U)(-g) = + 18 

(c) (x)(-b) s +a 

(d) The x must represent a negative Integer. If x 
were the placeholder for a positive integer, the 
product of (x)(-b) would be a negative Integer. 
If x were replaced by zero, the product would be 
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zero, The product is a positive integer so x 
must be the placeholder for a negative integer. 

(f) The^y must represent a negative integer. If y 
were the placeholder for a positive integer, the 
product (y)(+b) would be a positive integer# If 
y were replaced by zero, the product would be 
zero. The product is a negative integer so y 
must be the placeholder for a negative integer, 
(e) If the quotient of two integers with unlike signs 
is an integer, it is a negative integer. 

Concept : The quotient of two negative integers. 



(5) 



( 6 ) 



(a) 

(b) 

(c) 

(d) 

(e) 



Comnlate the following £X£££l&fi£. 

Rewrite the equation (-18) + (-3) * f ■* J ° or ” 
responding equation involving multiplication. 
What integer must y r «P r ® s ® nb? .v _ _ _ ___ 

Rewrite the equation (-a) + J.°° r 

responding equation involving multiplication. 
Assuming that a is a multiple of b, what type of 
integer must x represent? 

If the quotient of two negative integers is an 
integer, what type of integer must it be? 



Answers: 

(S)(y)(-3) = -18 

(b) y = +6 

(c) (x) ( -b) ® 

(d) The x must represent a positive integer, If x 
verethe placeholder for a negative integer, the 
product (x)(-b) would be a positive integer. If 
x were replaced by zero, the product would be 
zero. The product is a negative integer so x 
must be the placeholder for a positive integer. 

(e) A positive integer 

Complete the following ,0X0rCiS92. 

(a) Rewrite the equation 0 + (-6) = k as a corre- 
sponding equation involving multiplication. 

(b) What integer must k represent? 

(c) Rewrite the equation 0 + (-a) = k as a corre- 
sponding equation involving multiplication. 

(d) What integer must k represent? 

(e) Rewrite the equation 0 + (+a) = m as a corre- 
sponding equation involving multiplication. 

(f) What integer must m represent? 

(g) The quotient zero divided by any integer other 
than zero must be what integer? 

Answers! 

(a) (k)(-6) = 0 

(b) k - 0 

(d) k must represent zero. If k were the placeholder 
for a positive integer, the product (k)(-a) would 
be a negative integer. If k were the placeholder 



l 
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(e) 

(f) 

(g) 



for a negative integer, the product would be a 
positive integer* The product is neither posi- 
tive nor negative so k must be the placeholder 
for zero. 

(m)(+a) = 0 
m = 0 
Zero 



(7) What term ami J2fi inserted la each ol the fol low- 

ing blanks la make IDs sentence a true atl.tClg.atV 

(a) If the quotient of any two positive integers is 
an integer, it is a (an) ______ integer. 

(b) If the quotient of any two negative integers is 
an integer, it is a (an) ______ integer. 

(c) If the quotient of any two integers, one positive 
and one negative is an integer, it is a (an) 

integer. 

(d) The quotient of zero divided by either a positive 
integer or a negative integer is the integer 



Answers t 

(a) Positive (b) Positive (c) Negative (d) Zero 

(8) Indicate what integer must be used to r eplace the 

variable In each of the following la llkfi H fl lM 
statement . 



(a) 


(-16) ♦ (-4) = a 


(e) 


I 1 + 6 = -36 


(b) 


(-24) + (3) = k 


(f) 


-49 + A = 7 


(c) 


(144) + (-12) = m 


(g) 


72 + 1 1 = 9 


(d) 


A + (-2) = 25 


(h) 


-102 + x = -17 


Answers: 






(a) 


a = 4 


(e) 


i 1 = -216 


(b) 


k = -8 


(f) 


A = -7 


(c) 


m = -12 


(g) 


i 1 = 8 


(d) 


A = -125 


(h) 


x = 6 


Concept: 


Properties of the integers 


under division. 


(9) , > 
(a) 


ADa.vfiT.lhg IfillfiMiai 

Does the division -5 


questions. 

+ 3 have a quotient in 



set of integers? 

(b) Does the set of integers have the property of 
closure under division? 

(c) 13 the following statement true? 

-12 + -4 a -4 + -12 

(d) Is division commutative? 

(e) Is the statement -48 + (12 + 4) = (-48 + 12) + 4 
true? 

(f) Is division associative? 

hnasmi* 

(a) No, there is no Integer x such that 3x = -5. 

(b) No 






_J 
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(c) No, has^no quotient in the set of integers 

-12 + -4 4 -4 + -12 

(e) No, -48 + (12+ 4) = -48+3 = ” L6 

(-48 + 12) + 4 = -4 + 4 = -1 
-48 + (12 + 4) 1 (-48 + 12) +4 

(f) No 

PROPERTIES OF THE SET OF INTEGERS 

Tho tet of integers has all the properties of the set 
of natural numbers and it also has additional proper- 
?ie2 ^t a?e not valid in the set of natural numbers. 

Below is a list of some possible properties of 
numbers. 

Closure under addition 

Closure under subtraction 

Closure under multiplication 

Closure under division 

Commutative property under addition 

Commutative property under 

Commutative property under multiplication 

Commutative property under d iv}*J°jJ 

Associative property under add *J;*°" _ 

Associative property under . 

Associative property under multiplication 
Associative property under division 
Multiplication distributive over addition 
Multiplication distributive over subtraction 
Identity element under addition 
Identity element under multiplication 

Inverse element for every element under a f*J**?? c>itlon 
Inverse element for every element under multiplication 

Answer £h& follow i n g questio ns* 14 , . ... 

(a) Which of the above properties are valid in the 

(b) Which^o^the above properties are not valid in 

the set of integers? .. 

(c) Which of the above properties are valid J h * f 
set of integers but are not valid in the set or 
natural numbers? 

Answers : _ ... 

(a) Closure under addition, subtraction, and mul 1- 

Comrautative property under addition and multi- 

Assoclative property under addition and multi- 

Multiplicatlon distributive over addition and 

Identity element under addition and 

Inverse element for every element under addition 

(b) Closure under division 

Commutative property under subtraction and 

division 



UNIT 4: OPEN SENTENCES 

PART 1. BACKGROUND MATERIAL FOR TEACH!5*S 
4.1 INTRODUCTION 

This experimental course 0 r 1 CHe r p U ^poB«* h of t tSia t cour*« is 
course in several ways. One o f the of ,i ge bra. For 

to toach the tin of the fundamental princio ^ #qual 6 t0 xy le 

example , ^nd!5!ntii a ilXSif ^inciple Shich almost any 

algebra pupil can l«rn ^.pHJon ■ ihich thl. 

®s^S!b£®s^i5e?.“ 

answer, he may reply ..?5?vS r nu«bers is a positive number.” 
the product of two negative numbers 1 p pupil has 

Such an incorrect answer would innate that ™« h P u Pj; bol8 -x 

failed to master the conc ?P^ + .°j ll mu« symbol -x represents 

:s vnS s fe- 

s.;.f«r*x iziiii'u v~»i -“ b *sit n .?siniui «- 

» of » 

they repreaent negative numbers or tnat xy is ■ P°* 

Th . conc.pt that (-*)<-/) * xy i« develop^ fro. th. 
principle that -x * (-l)(x). 

(-x)(-y) - 

• l(xy) 

the solution to such an } on u e should master the mathemati- 

•cil’JJnSSW iSS"* ”*«on. .r. baa,*. 

l„.,u^l«« 

qu.Btlo^o^wh^^th^toplc^of .ets^h .1 b..n^glv.n^.o^.uch 
emphasis in the so-called “? he f acb ^hat the solution 

se^of^a^lnequalit^isusual^ ghpu^^hav^a^^derstanding 

M. h *.olutlon to .n 

inequality concisely. 

The fundamental concepts of •q^tions and inequalities 

iit.y H unit. . 
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4.2 EQUATIONS 






Equations are classified as identities, conditional 
equations, or internally inconsistent equations. 

An identity is an equation that is always true regardless 
of what element from the replacement set is substituted for 
the variable. The solution set and the replacement set are 
identical. x + 3 = 3 + x is an identity. It is always true 
regardless of what number is substituted for the variable. 

A conditional equation is an equation whose truthfulness 
depends on which element or elements from the replacement set 
are used to replace the variable, y + 2 = 6 is a conditional 
equation. When the number 4 is substituted for the variable, 
the equation is a true statement. When any number other than 
4 Is substituted for the variable, the equation is a false 
statement. The solution set of a conditional equation is a 
proper subset of the replacement set. The solution set c ntains 
at least one but not all of the elements in the replacement set. 
Care should be taken not to say that the solution set of a 
conditional equation is a subset of the replacement set. Every 
set is a subset of itself. A subset of a set may be the set 
itself. The solution set of a conditional equation is a proper 
subset of the replacement set. There must he at least one 
element in the replacement set that is not contained in the 
solution set. 

An internally inconsistent equation is one whose solution 
set is the null set. n - 3 = n is an internally inconsistent 
equation. There is no number that can be substituted for n to 
make the equation a true statement. 

Equations are classified according to their solution sets. 

Identity - the solution set is identical to the replacement set. 
Conditional equation - the solution set is a proper subset of 

the replacement set. 

Internally inconsistent equation - the solution set is the null 

set. 

An identity is always true; an internally inconsistent 
equation is always false; the truthfulness of a conditional 
equation depends on what number is substituted for the variable. 
It might seem that there would be little chance of confusing 
an identity with an internally inconsistent equation. However, 
this sometimes happens. For example, in solving the equation 
x+4~x+6-2, x=x. When pupils get to the place in the 
solution where they have shown x = x, some pupils indicate that 
the equation has no solution. Quite to the contrary, the 
equation Is an identity. Its solution set is the replacement 
set. Giving the pupils adequate experience at recognizing 
identities helps prevent such errors. 

The question arises as to how one can prove that an equa- 
tion is or is not an identity. It is easy enough to prove it is 
not an identity. Just solve the equation to determine the 
solution set. Then substitute for the variable in the equation 
any element that is in the replacement set but not in the 



solution set. Such a substitution will result In a false 
statement. This proves the equation Is not an Identity. Oxten 
it will not be necessary to solve the equation, as it may oe 
possible to determine a number that will J 1 jJ v a a„®^® tlne 
statement when substituted for the variable Just by inspecting 

the equation# 

In attempting to prove that an equation is an identify, 
pupils sometiSes fuggest the process of suhstitubing ™ m *®” 
for the variable. The only way that an equation can be proven 

i"he an identity by substitution Is to substitute every^ela- 

merit in the replacement set for the variable* It must 

demonstrated that each element ln fc t 5 e _ re Pj:® ce ® e IlJ_J?p ^Tf^ust 
in a true statement when substituted * tate i 

one element in the replacement set results in a false state 

mSnt? then the equatiSn is not an identity. Th ^Pr° c ®^ b ^ uld 
be used only if the replacement set < ^ulns a £ J?^® ™"*® r 
of elements. And even then, the substitution *®J h °J 
practical if the number of elements is large. If the replace 
Sent set is infinite, then the substitution method cannot be 

used. 

By far the easiest method of proving an equation is an 
identity is by showing that the equation is an application of 
one of the aSoms" Joltulates, oAef ini t ions of our number 
system. Examples are commutative property, associati a 
property, distributive property, definition of 
inequality. The equation t + 11 = H + t is an 

it is an application of the commutative property undei, addition. 
The equation k* k Is an Identity because It Is an application 
of the reflexive property of equations. From ^ls lj 1 “5**^ 
seen that it is necessary for the pupils to be familiar with 
the basic properties of equations, including the reflexive, 
symmetric, and transitive properties. 

The definition of these three properties of equations 
are as follows: 

Reflexive - for any expression a, a = a. 

Symmetric - for any expressions a and b. 

Transitive - for any expression a, b, and 

b = c then a = c. 

One of the classroom activities given ln pa i; t / 2 .i 0f t a ls 
unit is to determine whether the relations \ ■¥ , < 

"X" are reflexive, symmetric, and transitive. The relation 
is not reflexive. For any expression a, a ¥ a is never 
true. This is a negation of the reflexive property of equa- 
tions a = a which is an identity and is always true. The 
negation of a true statement is always a false statement. 

The relation «** is symmetric. The proof of this is 
simple. If a ¥ b, there are only the two possibilities that 
either b = a or b ¥ a. The statement b = a must be false 
because if b ~ a then a = b. This is contradictory to £*J® 
given statement that a i b; therefore, b 1 a. Thls .?!???? ® f 
proof involves showing that there are only two possibilities 
and then proving one of these is false; therefore, the other 
possibility must be true. 



if a = b then b = a. 
c, if a = b and 
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This material gives the teacher an excellent opportunity) 
to bring up the topic of proof and methods of proof for dis- | 
cussion. The purpose of this is to begin laying the foundaticj 
for the understanding of methods of proof which is so funda- \ 
mental to the work in tenth year mathematics. Many classroom i 
activities in this and later units involve one or more methods! 
of proof. \ 

The relation is not transitive. The method of proof I 
used is proof by counter example. A statement can be proven 
not to be true by demonstrating one exaeole in which it is 
false. If were transitive, then if b and b ¥ c then 

a i c for any expression a, b, and c; however l v 2 and 2 j 8, 

2^3 3 ^ l5 

yet it is false that 1^8. Therefore, "5*" is not transitive. 

2 7 15 

The relation " K " can be shown not to be reflexive or 
symmetric by use of counter examples. The statement 5 4 5 is 
false so the relation " s " is not reflexive. The statement 
if 4 ^ 5 then 5 < 4 is false so the relation " s " is not 
symmetric. However, the relation " v " is transitive. A 
discussion of the proof of this must be put off until the 
section on inequalities is Introduced. 

The relation "perpendicular to" is symmetric but not 
reflexive or transitive. 

An equation can be proved to be an Identity if it is an 
application of, or if an equivalent equation is an application 
of, one of the axioms, postulates, or definitions contained in 
our number system. An equation can be proved to be an inter- 
nally inconsistent equation if it or an equivalent equation is 
a statement that is contradictory to any axiom, postulate, or 
definition of our number system, x + 3 = x is an Internally 
inconsistent equation. When -x is added to each side of the 
equation, the equivalent equation 3=0 results. This is 
contradictory to the fact that the integers are unique. No 
two Integers are equal to each other; therefore, the statement 
x + 3 = x is never true. 



An equation can be proved to be a conditional equation by 
proving that at least one element in the replacement set is in 
the solution set and that at least one element in the replace- 
ment set is not in the solution set. This may be done by 
inspection or by solving the equation to determine the solution 
and then choosing an element from the replacement set that is 
not in the solution set, substituting it for the variable, and 
showing it is not in the solution set by showing it results in 
a false statement when substituted for the variable. 

Attempting to prove that equations are or are not 
identities, conditional equations, or internally inconsistent 
equations leads to the problem of solving equations. The ! 

solving of equations is based on the additive property of \ 

equations and on the multiplicative property of equations. The } 
additive property states that if the same number is added to < 
both sides of an equation the result is an equivalent equation; > 
that is, the solution set of the new equation is identical to 

* 
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the solution set of th 0 given equa on ^ negative number 
[added to both sides of an equation. B A dding a posi- 

is equivalent to subtracting ® P . . negative number, 

live number is equivalent to subtreouing a negeui^ ^ lnclude 

The additive property of .JJ^^btracted from both sides of an 
set of the given equality. 

Equations may be solved by using either addition or the 
equivalent subtraction. For example. 



x + 6 = 13 , 

x + 6 + (- 6 ) =■* 13 + (- 6 ) 
x = 7 



x + 6 = 13 
x + 6 - 6=13-6 
x = 7 



Solution set is'[7)’. Solution sel ls (7). 
Check; 7 + 6 = 13 true Check. 7 + 6 - 13 tr 



rue 



Many teachers ** 

Subtraction often’mus? Aching. S’ to the equivalent addition 
before the computation is performed. 

The multiplicative property of equations^ “Statement 

numbor^ tteresa** is SS equivalent YSrlglSYSiuttlon. 

equation with the mSuipUcaSlon. To 

divide’by ^ls’equlvalent^Ymultip lying by I. Ve multi- 
plicative property thereforeincludesmul tlplylnger tlo ® 

Sy = 28 Say bi solved by multiplying each side by ^ or 

h ! . K Th r e y .. a if Sid an o d nly if''^phrase jeSnM S l - b then 
ac = be and if ac = be (c 4 0 ) then a - b. 

Th * b^and’c PrOP " ty S'-Tif^Sd “lylf’^l “b *” 

?he ry if’ani only 11 ” phrase means that if a * b, then 
™ + c = b+oai*lfa + c»b + c, then a - b. 



The additive property also applies to adding or subtracting 

already in the equation. In o^subtr acted) so that all 

;MeSY 4 d £ the’same’side of gmlSSSSTi- then the two 
like terms are combined into a single term. 

3 x = 2 x + 9 , 0 . c 

3 x + C-2x) = 2x + 9 + -2x) 

x = 2 x + (- 2 x) + 9 
x = 9 

Solution setie {9}» 



check 

* 2*9 + 9 

=18+9 true 



3*9 



27 
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The multiplicative property for equations does not always 
apply to multiplying both sides of an equation by a variable. 
Sometimes this will result In an equation whose solution set 1[ 
different from the solution set of the original equation. In I 
multiplying each side of the equation x = 1 by x, the new l, 



equation Is x^ = x. The solution set of the original equation i 
Is {l}. The solution set of the second equation Is {0, 1}. \ 

Thus the equations x = 1 and x 2 = x are not equivalent equation^ 
This Is discussed later In the unit on quadratic equations. * 
However, both sides of an equation may be multiplied by a vari- \ 
able as long as the solution set Is not changed. One example \ 
of the type of equation In which this Is true Is that In which 
the variable Is In the denominator of a fraction. 

4 = -2 check 

x 4 = -2 true 

(- 2 ) -2 



ft) 



= x 



4 = -2x 

-2 = X 



Solution set Is {-2}. 



In this case both sides of the equation may be multiplied 
by the variable because the solution set of the resulting 
equation Is the same as the solution set of the original 
equation. 



When solving equations such as 3m + 4 = m + 7 which 
involves use of both the additive property and the multiplica- 
tive property of equations, It Is usually advisable to first 
apply the additive property and then apply the multiplicative 
property. This usually makes computation simpler because \ 

fewer fractions are Involved. 

\ 

The use of absolute value can make the solutions of simple I 
linear equations challenging and Interesting and affords an J 

opportunity to give the pupil experience with Identities and | 
internally Inconsistent equations. I 

The equation 1 1' I J = k where k is non-negative is true j 
if I I = k and I i - -k. j 

If k is negative, the solution set of 1 1 i I = k is always j 
0 , because there Is no number whose absolute value Is nega- 
tive. For example, the solution set of |x| = -6 is 0 . This 
Is an Internally Inconsistent equation. j 

If k is non-negative, an equation in the form I f ' 1 1 = k 
may be solved by determining what two equations without 1 
absolute value signs ^re equivalent to the given equation, and 
then these equations are solved. B’or example, the equation 
|5x + 7 | = 22 may be solved in the following manner. i 
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|5x +7 I = 22 

5x + 7 = 22 5* + 7 = -22 

5x = 15 5x = -29 

x = 3 x * ~ ^ 

Solution set is {3}. „ , . . t 0 «? 

Solution set is f 221. 

The solution set of | 5x + 7 1 = 22 is £3* _ 

check 

| 9*3 + 7l » 22 

|22| * 22 true 

|5 ^ + 7 1 = 22 

| -29 + 7| = 22 

|-22| * 22 true 

Care must be taken when solving equations as | 2y + 4 | * 
y - 4, in which there is a variable on each side of the equa- 
tion. The left side of the equation can never be negative if 
the equation is to be a true statement. Therefore, the right 
side, the expression (y -4), cannot be negative, so y must be 
equal to or greater than 4. Any number less than *t is not in 
the solution set. 

Attempting to solve the equation by the usual method leads 
to the following. 



2y + 4 = y - 4 

2y + 4 + (-4) + (-y) = y + (-4) + (-4) + (-y) 

y = -8 

Solution set is {-8}. 

2y + 4 = -(y - 4) 

2 y + 4 = -y + 4 

2y + 4 + (-4) + y = -y + 4 + (-4) + y 
3y = 0 
y = 0 

Solution set is {0}. 

At first it might appear that the solution set of the original 
equation is f-o, 0}. However, substituting each of these num- 
bers for the variable in the original equation results in 
false statements. Therefore, they are not elements of the 
solution set. The reason for this is that they are less than 
4, and any number less than 4 will make the right side of the 
original equation negative. There is no solution, so the 
equation j2y + 4 | = y - 4 is an internally inconuistent equa- 
tion and its solution set is 0. 

Equations containing absolute values should first be 
inspected to see if there is any obvious restriction on what 
values may be used for the variable. Then any solutions to the 
two corresponding equations must be substituted in the original 
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equation to determine whether or not they are elements In 
the solution set of the original equation. 

This section contains the proofs of several of the funda- 
mental theorems of algebra, a subset of which Is necessary In 
the solution of most algebraic equations. Included among the 



theorems 


are the following: 


(1) 


(-l)(x) = -x 


(2) 


ax - bx = (a - b)x 




(-l)(-x) = x 


(4) 


-? = - x 


(5) 


-(x + y) = -x - y 


(6) 


-(x - y) = -x + y 


(7) 


-(x + y - z) = -x - 


(8) 


(-x) (y) = -(xy) 


(9) 


(-x)(-y) = xy 




The simple proofs of these theorems afford an excellent 
opportunity for the discussion of certain topics In algebra 
about which there Is often some misunderstanding. One such 
topic Is the meaning of the symbol -x. The symbol -x Is read 
"the Inverse of x." It should not be read "minus x" and It 
should be not read "negative x." If -x Is read "minus x" or 
"negative x," It may tend to Imply that It represents a nega- 
tive number. If x represents a negative number, then -x 
represents a positive number. If x represents 0, then -x 
represents 0. The symbol -x Is the Inverse of x and It may 
represent a positive number, a negative number, or zero. 
Therefore, It should not be called "negative x" nor "minus x." 

The proof of (-l)(x) = -x shows that the Inverse of an 
algebraic expression Is equal to the product of that expression 
and -1. Therefore, -(6x + 3y - 2z) = (-l)(6x + 3y - 2z). The 
Inverse of any expression can be found by multiplying that 
expression by -1 and then applying the distributive principle. 

Subtraction problems can then be solved by adding the 
Inverse of the subtrahend to the minuend. For example, 

6x - (3y + 4z) = 6x + L-(3y + 4z)J . 

= 6x + (-1) (3y + 4z) 

= 6x + (-3y) + (-4z) 

= 6x - 3y - 4z 



The last topic in this section is that of collecting like 
terms and combining them under the operation of addition. In 
an expression such as 6k - 4m - 8k - 2m the terms cannot be | 

rearranged because the expression involves subtraction and 
subtraction is not commutative. In order to rearrange the 
terms so that like terms are adjacent, the subtractions are 
written as the equivalent additions: 

6k - 4m - 8k - 2ra = 6k + (-4m) + (-8k) + (-2m). 

Since addition is commutative, the order of the terms may be 
rearranged so that like terms are adjacent to one another: 

6k + (-4m) + (-8k) + (-2m) = 6k + (-8k) + (-4m) + (-2m). 

Like terms can then be combined under addition: f 

6k + (-8k) + (-4m) + (-2m) = -2k + (-6m) I 

it 
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The addition in the final answer may be written as the equiva- 
lent subtraStlon so that the final answer will contain no 

parentheses* 

-2k + (-6m) = -2k - 6m. 

The topic, equations and methods of solving equations, is 
discussed sufficiently in this section to give the pupil the 
tools necessary for solving the problems in unit 5 by ° f 

algebraic equations. However, the topic is explored more 
extensively in later units. 



4.3 INEQUALITIES 

Open sentences are classified a f equations a ” d 
ties. Equations are classified as either identities, condi- 
tional equations, or internally Inconsistent equations 
ing to tfieir solution sets. Inequalities are also classified 
tn 'their solution sets. If the solution set of an inequality 
is identical to the replacement set, the inequality is called 
an absolute inequality. An absolute inequality is always^ true, 
regardless of what element from the replacement set is sub- 
stituted for the variable. The inequality x + 3 s x is an 
absolute inequality. It is always true. No matter what ele- 
ment from the replacement set is substituted for the variable, 
the inequality will be a true statement. 

If the solution set of an inequality is the null set, the 
inequality is an internally inconsistent inequality. x \ * . 1 “ 
never true. No matter what element from the replacement set is 
substituted for the variable, the inequality will be a false 
statement. The solution set of x < x is the null set so x < 
is an internally inconsistent inequality. 

If the solution set of an inequality contains at least one, 
but not all, of the elements in the replacement set, the 
inequality is called a conditional inequality, b - 2 < 5 is a 
conditional inequality. If any number less than 7 is substi- 
tuted for the variable, the inequality is a true ¥ho 

If any number equal to or greater than 7 is aubs ^ tu ^®f n J?^ n the 
variable, the inequality is a false statement. The solution 
set is a proper subset of the replacement set. 

The discussion of the solution sets of inequalities leads 
quite naturally to the topic of the methods of solving an 
inequality. Solutions of inequalities are based on the follow- 
ing definition of inequality: 

x < y if and only if y - x > 0 

This means that if x is Uss than y, then the di £ f ? re ; c ® y I * 
is a positive number; and if the difference y - x is a positive 

number, then x is less than y» 

Inequalities are solved by applying the additive propf^ 
of inequalities and the multiplicative property of inequalities. 

The additive property of inequalities is stated as follows: 
x <y if and only ifx+z<y+z 
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This property is developed in the following manner. 

(1) (y + 2 ) - (x + z) = y - x 

(2) If x < y, then y - x > 0 

(3) If y - x > 0, then (y + x) - (x + z) > 0 

(4) If (y + z) - (x + z) } 0, then x + z <y + z 

(5) If x { y then x + z < y + z 

x ^ then x + z < y + 2 . The second part 
of the additive property of inequalities is that if 

5 ti Z J y + z » then x \ y. This property is developed in the 
following manner. * 

(1) (y + z) - (x + 2 ) a y - x 

<f J£ 7 + z 5 y t z » t l ,en (y + 2 ) - (x + z) > 0 

H (y + z 2 - (x + 2 ) > 0 , then y - x > 0 

(4 If y - x > 0, then x < y ' 

(?) If x + z < y + 2 , then x ^ y 

The additive property of inequalities may be stated as "if 

fna«»!?? 4 . 2 U *!?u r is . a 5J 8d to or subtracted from both sides of an 
Inequality, the solution set of the resulting inequality is the 
same as the solution set of the original inequality." 

Inequalities such as d + 4 { 14 or h - 9 ^ “8 are solved 
in much the same manner as equations are solved, by using the 
additive property. For example, 

d + 4 { 14 h-Q^-fi 

a + 4 V> 4 ! < 14 + <- 4 > h + 1-9) * 9 > -8 + 9 

a s 10 h y 1 

Solution set is [d|d < 10}. Solution set is {h|h > 1}. 

Notice that the solution set may be written in set-builder 
notation# 

„„ The multiplicative property of inequalities is somewhat 

«^«o2+I l ! pl i C ? ted the add itive property. The multiplicative 

property of inequalities may be stated as follows. 

z ^ 0, x ^ y If and only if xz ^ yz. 

?£ u < y » if and only if* xz> yz. 

if both sides of an inequality are multiplied or divided by the 
same positive number, the solution set of the new inequality is 
the same as the solution set of the original inequality. If 
both sides of an inequality are multiplied or divided by the 
f«?.^? eeati y e 2 u ?!? er and the inequality sign is reversed, the 

se J °£ £t? e re ? u } ti8 g inequality is the same as the 
solution set of the original inequality. 



a * u 6 P ro ° fs of all parts of this property are not difficult. 

SSnnflj 6 m 2 y wish to have the P u P ils learn some of these 

proofs. The teacher may even assign one or more of these 

proofs as original exercises for the pupils to perform. 



£0 PROVE : If x < y and z } 0 then xz { yz 




(?) 



If x < y then y - x > 0 

If y - x > 0 and if z > 0-, then (y - 

If x < y and z > 0 then yz - xz > 0 

If yz - xz > 0 then xz < yz 

If x < y and z > 0 then xz { yz 



x)z > 0 
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TO PROVE : If xz < yz and z > 0, then x < y 




TO PROVE : If x 4 7 and z < 0 then xz > yz 



( 1 ) 

( 2 ) 

$ 

(7) 

( 8 ) 
(9) 



If x < y then y - x > 0 
If z < 0 and y - x > 0 then (y - x) 
If (y - x) z <0 then yz - xz < 0 
If x <y and z < 0 then yz - xz ; < 0 
If vz - xz < 0 then -(yz - xz) > 0 
If -(yz - xz) >0 then xz - yz> 0 
If xz - yz y 0 then yz < xz 
If yz < xz then xz > yz 
If x <y and z < 0 then xz > yz 



z <. 0 



JO PROVE : If xz > yz and z < 0 then x < y 



( 1 ) 

( 2 ) 

8! 

(5) 

( 6 ) 

(7) 

( 8 ) 



If xz > yz then yz < xz 

If yz < xz then xz - yz > 0 

If xz - yz > 0 then -(xz - yz) 4. 0 

If -(xz - yz) <0 then yz - xz < 0 

If vz - xz < 0 then (y - x) z < 0 

If z <0, and (y - x) z < 0, then (y - x) > 0 

If (y - x) > 0 then x < y 

If xz > yz and z < 0 then x < y 

The methods of solving inequalities may be summarized as: 

• If the same number Is added to or subtracted from each side 
of an inequality, the solution set of the resulting 
inequality is the same as the solution set of the original 

• If 6 8oth 1 sides of an inequality are multiplied or divided 

by the same positive number , the solution set of the 
resulting inequality is the same as the solution sat of 
the original inequality. .. , 

• If both sides of an inequality are multiplied or divided 
by the same negative number and the inequality sign Is 
reversed, the solution set of the resulting inequality is 
the same as the solution set of the original inequality# 



Below are examples of 

2x - 3 < 5 . 

2x + (-3) + 3 < 5 + 3 
2x < 8 
X < 4 

Solution set is {x|x < V}. 



solutions to typical inequalities. 
-3x + 4 < 8 

-3x + 4 + (-4) < 8 + (-4) 
-3* < 4 



-3 

x 



>1 

%T , 

Solution set is^x|x^^tj. 
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The last topic In this section pertains to the solving of 
Inequalities that contain absolute value* 

The solution set of an Inequality of the type |a| > 8 
consists of the union of the sets {a|a > oj and i a ] a * 

The solution set of an inequality of the type Ja| < o consists 
of the intersection of the sets Tala < * a l a ' 

This set may also be Witten {a 1-8 < a < 8}. 



Teacher Notes 



UNIT k: 



OPEN SENTENCES 



PART 2. QUESTIONS AND ACTIVITIES FOR CLASSROOM USE 



4. 1 INTRODUCTION 

The questions and activities In this unit are designed as 
a guide to show the teacher how a particular line of questioning 
can be used to present the various concepts of equations and 
Inequalities through the discovery approach. However, this does 
not mean that these questions and only these questions must be 
used to elicit from the pupils the answer Indicated. The 
teacher may actually have to ask several questions for every 
one furnished In this unit In order to receive the answer 
Indicated, but the questions furnished will serve as a guide 
for the line of questioning to be used by the teacher* In 
teaching elementary algebra, the discovery approach has certain 
limitations but It will be a method of great value If the 
pupils are given a firm foundation in the basic fundamentals 
of the symbols used, definitions of terms, and basic properties 
of equations. If the pupils have a good mastery of the funda- 
mental mathematical concepts of algebra, they can use the dis- 
covery approach In a good part of the course, and each new dis- 
covery can be a reward with satisfaction. 



4.2 EQUATIONS 



Concept : Classification of equations. 

(i> , . Angiigr. She. X-Qllpylne oqgatlgns* 

Ca) What Is an equation? 

(b) What can you say about the truthfulness of the 
equation x + 3 = x? Is it always true, or never 
true? 

(c) An equation that Is never true Is called an 
Internally Inconsistent equation. Describe the 
solution set of an internally inconsistent 
equation. 



la? Misstatement of equality between two expressions 

(b) It is never true. 

(c) The solution set is the null set. 



(2) Answer the following Questions . 

(a) Describe the truthfulness of the equation 

x + 3 = 3 + x when any element in the replace- 
ment set of real numbers Is substituted for x. 

(b) An equation that Is always true regardless of 
what element from the replacement set Is sub- 
stituted for the variable Is called an Identity. 
An Identity la always true. • Describe .e solu- 
tion set of an identity by comparing it to the 
replacement set of the variable contained In 
the Identity. 



83 



Answers • 

(a) The equation x+3=3+xis always true 
regardless of what number is substituted for x. 
This is the commutative property under addition. 

(b) The solution set of an identity contains all 
the elements of the replacement set of the 
variable. 

(3) Answer the following questions . 

(a) Describe the truthfulness of the equation 

x + 2 = 3 when an element from the replacement 
set is substituted for the variable. 

(b) An equation such as x + 2 = 3, which is not 
always true and not always false but whose 
truthfulness depends on what number is substi- 
tuted for the variable is called a conditional 
equation. Describe the solution set of a con- 
ditional equation by comparing it to the 
replacement set. 

Answers : 

(a) The equation may be true or it may be false, 
depending on which number is substituted for x. 
If the number 1 is substituted, the resulting 
equation is true. If any other number is sub- 
stituted, the resulting equation is false. 

(b) The solution set is a proper subset of the 
replacement set. The solution set consists of 
at least one, but not all, of the elements in 
the replacement set. 

(4) Classify each of the following equations . The 

replacement set is the set of natural numbers . 

“ ' " of each equation . 



Answers • 

(a) Identity. The solution set is the entire replace- 
ment set. 

(b) Conditional equation. The solution set is [41. 

(c) Internally inconsistent equation in natural num- 
bers. The solution set is 0 in this set.. 



the replacement set is the set of na . 

Classify each of the following equations . The 
replacement set is the set of integers . Indicate the 
solution set of each equation . 



Answers ; 

7a) Conditional equation. The solution set is [-2]. 

(b) Conditional equation. The solution set is 
[4, -4}. 

(c) internally inconsistent equation in integers. 

The solution set is the null set if the replace- 
ment set is the set of integers. 




Ic) 3 - x = 5 
(d) y 2 = 16 



(b) x + 3 = 7 



(d) Conditional equation. The solution 




(.) r :rsr 

(b) y 2 = 16 



(c) 3x = 1 

(d) 8( □ +A) = 8Q + 8A 
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(d) Identity. The solution set is the entire 
replacement set. This is the distributive 
property. 

(6) Classify each the following equations. Ifte 

replacement set is tjjfi £§£ fif real numbers. Indjcgfre 
the solution set of each equation . 

(a) | A I = -3 (d) 6 + (x + 4) = (6 + x) + 4 

(b) x 2 = 1 (e) |k + 9 | = 9 

(c) 3 - a = a - 3 



Answers ; 

(a) Internally inconsistent equation. The solution 
s0t is 0 • 

(b) Conditional equation. The solution set is 

(c) Conditional equation. The solution set is {3}» 

(d) Identity. The solution set is the entire 
replacement set. This is an application of the 
associative principle under addition. 

(e) Conditional equation. The solution set is 

{- 18 , 0 }. 



Concept : Properties of equations. 



(7) Three important properties of equations are the 
reflexive, symmetric, and transitive properties. 
Following is the definition of each of these terms 
as applied to equations. 



Property 

Reflexive 

Symmetric 

Transitive 



Definition (in terms of the relation, 
equals) 

For any expression a, a = a. 

For any two expressions a and b, if 
a = b then b = a. 

For any expressions a, b, and c if 
a = b and b = c, then a = c. 



Make a, table with four columns labeled respec - 
tively . Relation . Reflexive . Symmetric, and Transi - 
tive . Use " yes 11 or "no 11 as entries in the last 3 
columns given the following relations : not equ a 1 to 

less than T~C ). and perpendicular to ( JL ) . 



Answer : 
Relation 

< 



Reflexive 

No 

No 

No 



Symmetric 

Yes 

No 

Yes 



Transitive 

No 

Yes 

No 



There are other properties of equations that are dis- 
cussed later. 



Concept : Identities. 

(8) Which of the following describe an identity ? 

(a) The solution set is a proper subset of the 
replacement set. 
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(b) The solution set Is a subset of the replacement 
set. 

(c) The solution set contains at least one element 
not in the replacement set. 

(d) The replacement set contains at least one ele- 
ment not in the solution set. 

(e) The solution set is the null set. 

(f) The solution set and the replacement set are 
identical sets. 



Answers : (b) and (f) 



(9) 



Answer the following questions . 

(a) One pupil claims the equation ^ ^ + 6 = A 
is an identity because when the number 2 is sub- 
stituted for the equation is a true state- 
ment. Is the pupil correct? (The replacement 
set is the set of real numbers.) 

(b) Another pupil asked whether it would be possible 
to prove that an equation is an identity by 
substituting numbers for the variable. How many 
substitutions would have to be made to prove an 
equation is an identity? 

(c) How can we prove an equation is not an identity? 

(d) Is the equation x+3=3+xan identity. How 
do you know? 

(e) How can you prove an equation is an identity? 



Answers : 

Ta) No, the pupil is wrong. The solution set is 
[2, 3}. If f° r instance A is replaced by 5» 
the statement is false. The solution set and 
replacement set are not identical. It is not 
an identity; it is a conditional equation. 

(b) Every element in the replacement set would have 
to be substituted for the variable. If the 
replacement set contains an infinite number of 
elements, an infinite number of substitutions 
would have to be made, which is impossible. 

(c) By showing there is at least one element in the 
replacement set which is not in the solution set. 

(d) It is an identity because it is a statement of 
the commutative principle under addition. 

(e) An equation is an identity if it is a statement 
of or an application of one of the axioms, 
postulates, or definitions of our number system. 



(10) Which of the following are identities ? State 

the reason for your conclusion . 

(a) (x + 3) + 8 = x + (3 + 8) 

(b) 3*A = A3 

(c) X = X 

(d) 11 + y = y + ll 

(e) 6 (A + □) = 6A + 6Q 

(f) x • 0 = 0 

(g) 3*(2x) = (3*2)x 






' 




1 

I 
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(h) 

(i) 

(J) 

00 

( 1 ) 

(m) 



x - 6 = 6 - x 

2x + 3* = **(2 + 3) 

(A - 6) - 8 = A -< 6 - 8 > 

y + 0 = y 

A - A = o 

s-° 



Answers : 

(a) An identity. Associative principle under addi 



(b) 




(g) 

(h) 

(i) 



tion 

An identity, 
plication 
An identity. 
An identity, 
addition 
An identity. 
An identity. 
An identity. 



Commutative principle under multi - 

Reflexive property of an equation 
Commutative principle under 

Distributive principle 
Multiplicative property of zero 
Associative principle under multi- 



Not an identity. The solution set {6} is not 
identical to the set of real numbers. 

An identity. Distributive and commutative 



<J> 

00 

( 1 ) 

(m) 



lot ^identity. Subtraction is not associative. 
Che solution s©t is 0 not the set of real numbers# 
In identity. Definition of additive identity 
slement 

In identity. Definition of subtraction 
lot an identity. Division by zero is undefined 
and not permitted. This is an internally 
1 nr»nn<si «tent eauatlon# 



Concept ? Equivalent equations. 

(11) What do £ou think is. meant b£ "Sflaivalgflfe 

equations ? 11 



Answer : Equations with the same solution set 

Concept : The additive property of equations. 

( 12) which sL ite foiiowin£ pqir.a <?qqatt9na its 

equivalent equations? 

(I! ™ and x 7 9 = 3 + 9 ol 

(b) x = 51 and x + (~21) = 51 + ("21) 

(c) x+3=6andx+3+3=6+ (-3) 

(d) x - 8 and x + b - 8 + 3 

(e) x+3 = 7andx + 3 + 0= 7+ 0 



Answers : (a), (b) , and (e) 

(13) What does equation a = & ffisan? 
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Answer : a and b are different symbols for the same 

number . 



(14) If a and b are symbols for the same number. 
compare the sum SL + SL with the sum Jfe + £. 

Answer : The sum a + c and the sum b + c must be the 

same. 

(15) The additive property of equations Is stated as 

follows: Por every a. b. and c. a « b if and only if 

a + c = b + c. 

Restate the above property l p two sentences . 

Answer : For every a, b, and c, if a = b, then 

a + b = b + c. For every a, b, and c, if 

a + c = b + c, then a = b. 

( 16) II the sane number Is added to or subtracted from 

J22lb aidaa J2l an equation form a OSH equation . Jugr 
<l£££ UlS solution set qL the new equation compare with 

o£ Ifce original equation ? 

Answer : The solution sets of the equations will be 

Identical. 

(17) If ihe same number is added to or subtracted from 

&£h 3l.a?g SL AH equation & XfiO A aS? 

IllS equations equivalent ? 

Answer : Yes, because they have the same solution set. 

(18) Dp the following exercises . 

(a) Write an equation equivalent to x + 3 = 9, 
formed by adding -3 to both sides of the equation. 

(b) Write an equation equivalent to x + 3 + (-3) 

= 9 + (-3)» formed by performing the indicated 
addition of like terms. 



(19) 



Answers : 

(a) x + 3 + (-3) = 9 + (-3) 

(b) x = 6 




£ 



set H 
■frlgng» _ 
equations 

(a) y + 8 

(b) 7 + y 



quatlon 2 - £ indicates that the solution 
Using this additive property of eaua - 
the solution set to each of the following 



* 24 
= 5 



(c) k + (-6) = -9 



Answers : 

(a) 



(d) 19 = x + 4 

(e) -3.8 + y = -3.8 

(f) x + 3 = x + 3 



y + 8 = 24 
y + 8 +(-8) = 24 + (-8) 
y = 16 

Solution set is {16}. 

Check: 16 + 8 = 24 true 
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<b) 7 ♦ y + 7 C-7) : | + C-7) 

y + 7 + (-7) = 5^+ (“7) 

Solution set is f-2}. 

Check: 7 + (-2) = 5 true 

(c) k + (-6) = -9 

k + (-6) + 6 = -9 + 6 

c = ->" 3 

Solution set is [-3J. 

Check: (-3) + (-6) = -9 true 

(d) 19 ♦ (-4? = J J 4 + (-4) 

15 = x 

Solution set is {15}. 

Check: 19 = 15 + ^ true 

(e) 0 -3.8 + y = -3.8 

-3.8 + y + 3.8 = -3.8 + 3.° 

y + (-3.8) + 3.8 * -3.8 + 3.8 

y = 0 

Solution set is {0}. 

Check: -3.8 + 0 =-3.8 true 

(f) x + 3 = * + 3 

x + 3 + (-3) = x + 3 + (-3) 

X = x 

Solution set is {all real numbers}. 

The equation is an identity. 

3) £2 ShS. follovlne 3gfflCSlag&> 

(a) Write an equation equivalent to x - 6 = 8 which 
involves addition rather than subtractio • 

(b) Find the solution set of x + (-6) - 8 by using 
the additive property for equations. 

Answers : 

(a) x + (-6) = 8 

(b) x + (-6) = 8 

x + (-6) +6=8 + 6 
x = 14 

Solution set is {l4}. 

Check: 14 + (-6) = 8 true 

»1) Find the solution set si each si thfi f<?149 w ln g 

using the additive pr 9 per$y si eqqaU9 M. 



f - 3 = 9 
y - 0.97 = £ 

(c) 9> = z - 8.7 



(a) 

(b) 



(d) A - (-7) « 13 

(e) O * ~2 
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Answers : 

(a) 



(b) 



(c) 



(d) 



(e) 



f - 3 = 9 
f + (-3) = 9 
f + (-3) +3=9+3 
f - 12 

Solution set Is {12}. 

Check: 12 - 3 = 9 true 

y - 0.97 = {J 

y + (-0.97) = .75 
y + (-0.97) + 0.97 = 0.75 + 0.9 7 

y = 1.72 

Solution set Is [1*72]. 

Check: 1.72 - .97 l jl 

.75 = jl true 

9.4 * z - 8.7 

9.4 = * + (-8.7) 

9.4 + 8.7 = 2 + (-8.7) + 8.7 
18.1 = 2 

Solution set Is {l8.l}« 

Check: 9.4 = 18.1 - 8.7 true 

A - (-7) = 13 

A + 7 = 13 

A + 7 + (-7) = 13 + (-7) 

A = 6 

Solution set Is {6}. 

Check: 6 - (-7) = 13 true 



n-i 



1 

2 



i 

I 



□ + (_ i) « _ i 

1 2 ' 2 

□ 1 .-i + l 

' 2 ' + 2 2 + 2 

□ = 0 

Solution set is {o}. 

Check : ^ ^ | _ l 

o + H) = -r rue 

Concept : Multiplicative property of equations. 

(22) Write m equation containing £&£ variable. 

Multiply both slflea al this ftaui.tlon by any n, motor 

except sero . How do the solution sets of the two 
jare? 



equations compare d 
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Answer : The solution sets are the same. 

(23) When both sides sl M equation US multiplied 

by the same number , not zero , la the resulting .equa- 
tion equivalent Is the original aquation? 



Answer: Yes 

(24) The multiplicative property of equations may be 

stated as follows: For every a, b, and c (c * 0), 

a = b If and only If ac = be. 

Restate the above principle In sentences. 



An g l er.: 
ac = be. 
then a = 



For every a, b, and c (c / 0) If a = b then 
For every a, b, and c (c / 0), If ac = be 
b. 



(25) Multiplying M 111 equivalent In dividing J2Z 

3 

what number ? 

Answer : It Is equivalent to dividing by 3» 

(26) Dividing 2 ii equivalent In BUHlBlYlng J2Y 

what nunbsz? 

Answer : It Is equivalent to multiplying by l. 



(27) State His multiplicative property at oqmUfffl? 

In S word sentence In terms at multiplying SL d l .Vis- 
ing both sides n£ in equation fcy thS. same imHiSL- 

Answer : Multiplying or dividing both sides of an 

equation by the same number (except sero) results In 
a new equation having the same solution set as that 
of the original equation. 



( 28 ) 



ta mu. 



Write in equation equivalent la l&t ~ 4fi» Xsnsd 



IWI 



Lying both sides of the original equation 



(29) 



An asttE* (-^) (16y) = (^y 48) 

Write sn equation equivalent l£ ^J(lfix) 

= (1^(48) formed by performing the Indicated BU.Ul ~ 
plication sM reducing ill terms Is lowest lS£B2* 



Anfflttc* y - 3 

(30) What Is ms solution is! at thS. SflttlAlflP 

IfiY = itS? 

Answer: {3}. 



; 
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(3D 



• at. t.rt each Of the f OllOWlfig 
(d) 




equations ~^ T applying " multiplicative prppgrty. q £ 

equations » 

(a) 2 lx = -84 

(b) -13x = -65 

(c) 1.8k = -3.6 



l-- z 

(e> fy = - 1 



Answers: 

(a) 



(b) 



(c) 



(d) 



(e) 



2 lx = -84 

($r* -av-^ 

x = -4 

Solution set Is {-4}. 

Check: 21(-4) = -84 true 

-13x = -65 
[- 13 *)./^ (- 65 ) 

x = 5 
Solution set Is {5}. 

Check: -13(5) = -65 true 






1.8k = -3.6 

(&) aM “ fa) ( - 3 - 6> 

k = -2 

Solution set Is {-2} • 

Check: 1.8(-2) = -3.6 true 

r- 2 

8 (?) = <8H " a> 
y = -16 

Solution set Is {-16). 

Check: = -2 true 
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( 32 ) 



(33) 



(a) 

(b) 

(c) 

(d) 

(e) 



Comp late the following exercises . 

Consider the equation _ 2 What Is the 

x “ * 

restriction on the replacement set of the variable 
x? 

What does x represent In the equation | _ 2? 

If both sides of the equation 3 - P are multl- 

plied by the placeholder x, Is this an applica- 
tion of the multiplicative property of equations? 
Multiply both sides of the equation ^ _ 2 by x 

and reduce all terms* What Is the resulting 
equation? 

Find the solution set of the resulting equation 
In (d). Is this the same as the solution set of 
the original equation? 



Answers : 



(a) 

(b) 

(c) 



(d) 

(e) 



x / 0 

x Is a placeholder for a number in the set of 
real numbers* 

Yes. The placeholder x represents a number 
(other than zero) and both sides of this type of 
fractional equation may be multiplied by the 
placeholder without changing the solution set* 

3 = 2x 

3 = 2x 

( 3) = ^f2x) 

\ - X 



ft) 



Solution set Is £3l» 



Check: 



-3- 2. 



2 

= 2 true 



This Is the same as the solution set of the 
original equation* 

Find the solution set of each of the following 
equations. 



(•) -Z = 5 
x y 



(b) hSi = . 6 (c) 



5 = 12 

2 a 



93 



Answers: 

(a) 



=1 = 5 
x ' 



X (f) ■ *•» 

GY-' 7?) 4)™ 

-*** 

Solution set is -T 7t. 

Check: -7 ? - 

-•? ■' 

■7^.SJ= 5 true 

0>) 1.5 = -6 

k 

* £i*5) = k*(-6) 
1.5 = -6k 

'#)«» 

-4 = k 

Solution set is JT l7. 

Check: 

"If 

( 1 . 5 ) (- 4 ) 2 _ 6 

-6 =-6 true 

(c) -5 = 12 

2 a 



• B) = ■(") 

(-|) • ■ 12 

-f (-i‘)=-f( ia ) 



a = 

Solution set is {■?} 

Check: 1 J? -5* (12) 

2 2 



(" 2 ?) 



true. 
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Concept: Adding and subtracting variables from each side 

of an aquation. 

04) what ia iin solution ni s£ ib* ffqmtl an 

4 A = 22? 



(35) 



(36) 



(37) 



(38) 



(39) 



Mi ins ailsils A Sa ^„|i a | a 5ySS 7 sa!i#iisn ‘ 

What la the solut ion ^ ££t SL ill* H*H AflUlv l g a* 

Angvfti ; {5} 

Add 7 A 12 both sides £l ib 2 . MUltlPIl ^ A ” 22 * 
What Iff the solution JLfii St ill* MK aflHaiififl 

Answer: {5} 

ynhtract £ £ from each aldfl fil ill® MUlt l P P 
^ A = 22* Mail la ibs solution aai sL ibs ns* 
aquation? 

Answer: {5} 

When ibft 

glSes* ?? IS^iflS^floQSr & ~ 22 

set J2l ihfi aquation ghlbgtt? 

Answer : No, the solution set remains the saae. 

la adding ,. sl 

l2i 



ble or the game multiple Al 

st subtract^, rrai b£ib 

goes the enlililP 



L on. 




t saae multiple sL i lb* 
an equation an 



property ?qui 



(4o) 



aamevariaiia .Ire; 

Application £l illfi 

Answer : Yes. The variable represents a number and 

onv number aav be added to or subtracted from both 
sides of an equation without changing the solution 

set. 

How can the principle In (32) h£ S PpUflfl 1& 
solving the aquation 3X = 2 & + & 

Answer : By adding -2x to both sides of the equation 

(or subtracting 2x) 

3x = 2x + 6 

3x - 2x = 2x + 6 + (**2x) 
x = 6 

Solution set is {6}. 

Check: 3*6 « 2*6 + 6 

18 s 12 + 6 true 

(41) Find the solution afijfl Pi ill* fffUW l n g PflUltlOH 



(a) 9x = 7x + 10 

(b) 3y - 2 = y + 4 



(c) 4b + 9 = 2? - 4b 

(d) 3(m + 4) o a - 7 
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Answers : 

(a) 9x = 7x + 10 

9x + (-7x) = 7x + 10 + (-7x) 

2x = 10 
x = 5 

Solution set Is {5}. 

Checks 9*5 l 7*5 + 10 

45 = 35 + 10 true 

(b) 3y _ 2 = y + 4 

3y + (-2) + 2 + (-y) = y + 4 + 2 + (-y) 

2y = 6 

y = 3 

Solution set is }3j. 

Checks 3*3 - 2 2 3 + 4 
9-2=7 true 



(c) 4b + 9 = 2? - 4b 

4b + 9 + (-9) + 4b = 25 + (-4b) + (-9) + 4b 
8b = 16 
b = 2 

Solution set Is {2}. 

Checks 4*2 + 9 s 25 - 4*2 
8 + 9 2 25 - 8 
17 = 17 true 



(d) 3 (m + 4) = a - 7 

3m + 12 = a + (-7) 

3m + 12 + (-12) + (-m) = m + (-7) + (-12) + (-m) 

2a = -19 
m - 12 

_ 2 

Solution set 



Checks 



is {- #y 

*(- U * 4 ) l _ & - 7 
34JL2 + 8 , \ ? „12_14 

C 2 2 ) ~ 2 2 



w- 
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Concept s 
(42) 



_ 33 — _ 33 true 
2 ~ 2 

Solution to equations Involving absolute value. 

Applying definition £f absolute value, what 
iS the solution set of the equation | x | = 2? 

Answers {5, -5}. 

(43) Consider the equation lb + 4| = jp. The 

|g£SSSion 3x + 4 is eoulva lent is what £wg numbers ? 
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( 45 ) 



Answer : The expression 3* + 4 is equivalent to 10 

and to -10 because 1 10 | — 10 and |-10| - 10. 

(1+4) Write two equations that do Qot 

values and which together a£e gflulvaiSQ^ 12 SSiaa 
tlon |32 + 4 I = 12. 

Answer : 3x + 4 = 10 or 3* + 4 = -10 

Find the solution §et of tjie equation 
32 + 5^"12 and o£ £he eauatloO x + it - -lg. 

Answer . + ^ + X (_^ = io + (-4) 

3x = 6 
32 = 6 
3 3 

x = 2 

Solution set is {2}. 

Check: 3*2 + 4 = 10 true 

3x + 4 = -10 

*x + 4 + (- 4 ) = -io + (-4) 

3x = -14 

32 

3 3 

x =_ 14 

Solution set is tw 
Check: 3p^) + ** =-10 true 

For each £&£ following £fl3lf&laaa> JiEiif 
equivalent pair ££ equations frhat BOSt ffghtalfl 
absolute value signs . Elnl ib£ SgluUg P SSl SiL £8£h 
of these equations and indicate SQltttl . Q P SSi 

ft? fT^j |^|= U. (c) I2yl ■ 



(46) 



Answers : 

(a) c 

5 + x = 3 

5 + x + (-5) = 3 + (-5) 

x = -2 

Solution set is {-2}. 

5 + x = -3 

5 + x + (-5) = -3 + (-5) 

x = -8 

Solution set is {-8}. 

Solution set of 1 5 + x | = 3 is {-2, -8}. 
check first 
|5 + (-2) I 2 3 

1 3 I = 3 true 
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roll- 



(b) 



Solution 



check second 

I? + (- 8)12 3 

1-31= 3 true 

6x + 1 = ll 

5(6* + V) = 5(U) 

6x + 1 = 55 

6x + 1 + (-1) - + (-1) 

6x = 54 
l(6x) = 1(54) 

O O 

x = 9 

Solution set Is {9}. 

+ l = -11 

= 5<-U> 

6x + 1 = -55 

6 x + i + (-i) = -55 + (.d 
6 x = -56 
l( 6 x) = l(- 56 ) 

6 o 

x = -2S 
r O 

Solution set Is f-SSl 
set of |6i + j| * 11 Is ^9, _ 2^. 

check first 

| &m* i| i u 

|ll| = 11 true 
check second 



M 



+ 1 



l 11 



-56 



+ ll ? 

IT" I = 



n 

|— 11 1 = 11 true 



(c) 



2y * 

l(2y) = 
2 



1 

2 



Solution set Is 



7 ~ i 



2(5) 
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2y = -1 
2 

¥ zr) “ i(- i) 

Solution set is 

Solution set of |2yl = 1 is ^1 _ 

check first 



! («i -i 

cheek second 



true 



true 



Concept 
(47) 



! 0 )| '2 
Writing equivalent expressions. 



Applying Xh& distributive principle. fotgr i l n g 
AH expression equivalent ig each s£ fqUPk lflt 

-3(k - m + 11) 



(48) 



fSf 'tin? '-*) (e) 

W(2x ♦ 5) - -2x ♦ (-5) 

= -2x - 5 

(b) 12(y - 6) = 12y - 72 , N 

(c) -3(k - « + 11) = -3(k + (-ra) + U) 

= -3k + (-3)(-m) + (-3; (ID 
= -3k + 3« + (-33) 

= -3k + 3m - 33 

Find the solution set of each 2l the f<?U9 v tng 
^qyat|ons 



(b) 

(c) 



J0+ 2(b - 6) = 4 + 2(3b + 5) 

(8x - 12) + 2(-l? - x) = 0 

3(k + 5) + 4(k - 5) = 23 



30 + 2(b - 6) = 4 + 2(3b + 5) 
30 + 2jb + (-6)3 = 



Ansxsza: 

h 2 6) + (-6)J - 4 + 6b + 10 
30 + 2b - 12 = 14 + 6b 
18 + 2b = 14 + 6b 

18 + 2b + (-14) + (-2b) = 14 + 6b + (-14) + (-2b) 

4 = 4b 

1 = b 

Solution set is {l}. 

Check: 30+2(1-6) 2 4 + 2(3*1 + 5) 

30 + 2(-5) 2 4 + 2(8) 

30 - 10 2 4 + 16 
20 = 20 true 
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(c) 



Concept : 



(49) 



* = 7 

Solution set is i7j» 

Check: (8*7 - 12) + 2(-l5 - 7)1 0 

(56 - 12 ) + 2 (- 22 ) 1 0 

44 + (-44) = 0 true 

3(k + 5) t Mk - 5J = 23 
3(k + 5) + ^Qc + (-5)3 - 23 
3k + 15 + 4k + (-20) = 23 
7k + (-5) =23 
7k + (-5) + 5 = 23 + 5 

7k = 28 
k = 4 

Solution set is {4}. 

Check: 3(^ + 5) + M 1 * - 5) 2 23 

3(9) + M-l) 1 23 
27 + (-4) = 23 true 



x. 



To prove that (-l)(x) = -x for all 

Answer the following questions* 

What does the symbol -x represent? 

If x represents the number 3» what number does 
-x represent? 

If x represents -6, what does -x represent? 

If x represents 0, what does -x represent? 

Can -x represent a positive number? 

Should the symbol "-x" be read "minus x?" 

Should it be read "negative x?" 

How should the symbol "-x" be read? 

What is the sum of x + (-x)? , , w . 

Is the equation x + (-l)(x) = (l)(x) + (-l)(x) 
an identity? 

Write an equation equivalent to the equation in 
(i), applying the distributive principle to 
the right hand side of the equation* 

Write an equation equivalent to the equation in 
(J)« performing the addition and multiplication 
indicated on the right hand side of the equation. 
If x + (-l)(x) = 0, to what must (-l)(x) be 
equa 1? 

Answers : 

(a) -x represents the additive inverse of the number 

represented by x. 

(b) -3 

(c) The Inverse of -6, or 6 

(d) The Inverse of 0, or 0 



(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 

(i) 

(J) 



(k) 



( 1 ) 
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(50) 



( 53 ) 



(e) Yes, it can represent a positive number, a 
negative number, or zero. 

(f) No. Reading -x as "minus x" or as negative x 
may tend to imply that it is the symbol, for a 
negative number, while it may represent a posi- 
tive number, a negative number, or zero. 

(a) It should be read "the inverse of x." 

(h) x + (-x) = 0 because the sum of any number and 
its additive Inverse is zero. 

(i) Yes, because (l)(x) = x. 

(J) X + (-!)(*)= X Cl + (- 1 )] 

(k) x + (-l)(x) =0 

(l) (-l)(x) must be equal to -x, because If 

x + (-l)(x) = 0, then (-i)(x) meets the defini- 
tion of the additive inverse of x. Therefore, 
the product of any algebraic expression -l » 
equal to the inverse of the expression. This is 
a fundamental principle of algebra. 

Applying the principle that zZ = C-l> <2) » 
that 3X - 3 * 22* 

= C3 + (-DJ x 

= 2x 



(51) Prove that £2 - = (l " S)Z- 

hnaMSL* ax - bx = ax + (-b) (x) 

= ra + (-b)j x 
= (a - b) x 

(52) Ifi what JLa -K-S) PrffYfi YfillE 1H2H1E* 

Answer: 



(-D(-x) = (-l)(-l)(x) 
= lx 



= X 



(a) 



Complete ihs Mala ga, 

writoan equation equivalent to x *□ which 

involves multiplication. 

(b) To what must □ be e£ t ulll? 

hnsnszy 

(a) -1(0) = x 

(b) □ = -x because (-l)(-x) = xj therefore, 



-x. 



( 54 ) 



Applying iiis prlncip.if ibs invec ag Sian* 

•pn la equivalent to the Prodttgt Si 



bralc expression 12. equivalent & l&fi £ 
expression and -1. determine .eftPregglPP 
ainlnc parentheses which are equivalent 



algebraic 
HhS. •xpre 
containing 
following. 

(a) -(x + y) 

(b) -(x - y) 

(c) -(x + y - z) 



ions M , . 

& cash Si 



(d) -(-6x + 7y) 

(e) -(-5x - 4y) 

(f) -(-2x -7 y + 



3 *) 



101 






(55) 



(56) 



(57) 



(58) 



♦ y) = C-l)(x + y) 

= =x + (-y) 

(b) -(x - y) = (-D Jx + (-y)J 

(c) -(x + y - z)*= (-D Cx + y + (-z)] 

= -x + (-y) + z 
= -x - y + z 

(d) -(-6x + 7y) * (-1) (-6x + 7y) 

= 6x + (-7)y 

(e) -(-5x - 4y) = (-1) C-5x + (-4y)3 

s 5x + 4y -« 

(f) - ( ~2x - 7y + 3z * (-D C-2X + (-7y) + 3*J 

= 2x + 7y + (-3*) 

= 2x + 7y - 3z 



Prove or disprove : 
Anaver : 



-(2 - 2 ) = 2 - 3 « 



-(x - y) = (-1) [x + (-y)] 

= -x + y 
= y + (-x) 

= y - x 

Therefore, the statement Is true. 



Prove SL ^l?PL9Y.g 
Answer: 



(- 3 ) ( 2 ) = -( 22 ) 



(-x)(y) = (-l)(x)(y) 

= (-D(xy) 

= -(xy) 

Therefore, the statement Is true. 



Prove SL disprove: 
Answer : 



(- 2 ) (- 2 ) = 22 * 



(-x)(-y) = (-1) (x)(-l) (y) 

= (-l)(-l)(x)(y) 

= xy 

Therefore, the statement Is true. 



Match each expression Jji Co lmm A with 

oreaslon in Column by Inserting jja 

Column A SMlsi&SL gfij SSjMBg ibl* 

precedes the matching e xpression. 



equivalent 
each blank 



1. 

2 . 

i: 



Column A 

3a + 7k 
-3a - 7k 
-3a + 7k 
"7k - 3a 
7k + 3« 
7k - 3a 



Column £ 

A. -(3« - 7k) 

B. -(3a + 7k) 

C. -(-3a - 7k) 



(59) 



Answers : l. C 2. B 3« A 4, B 

Prove sr disprove: -(32) = -3l* 



5* C 6. A 



102 



Answer : -(3x) = (-l)(3)(x) 

= -3x 

Therefore, the statement is true. 



Concept : Combining like terms. 

(60) Complete £H2 following 335S£Sfl£l» - . 

(a) Writing expressions such as 4x~+ 7y - 3x - 5y in 
simplest form is sometimes called, combining like 
terms or collecting like terms. Write an expres- 
sion equivalent to 4x + 7y - 3x - 5y which 
contains only the operation addition. 

(b) Applying the commutative law of addition 

rearrange the terms in the expression on the 
right side of the equation so that like terms are 
adjacent to one another. . 

(c) Perform the addition indicated on the right side 
of the equation in (b) . 



mr* ?y - 3* - 5r - * 

= 4x 

4x + 



+ 7y + p*<3xfl 
+ 7y + C-3x) 



(b) 4x + 7y 

(c) 4x + 7y 



3x 

3x 



5y 
5 y 



(-3x) 



+ (-5y) 
+ 7y + (-5y) 



(61) Find Simpler equivalent gyprffgaAfllia XfiE SASh Si 

the following J2Z combining Uke $££. M* 

(a) 17k - l?d - 9k - 4d 

(b) a - 3b - a + 5 

(c) 4xy + 5ab - 7xy - 3ab + 9 



Answers : 

(a) 8k - I9d 

(b) -3b + 5 

(c) -3xy + 2ab + 9 



( 62 ) 



For each si the following. indicate yhSttlffr ££ 



got each eQu^tlon ^js mn identity 



(b) 

(c) 



+ b) = 0 

7x - (3x + *) - (2x - 2y) = 2x 
5(3x - 2y) - 2(2x + y) * llx - 12y 



{8H& .n identity 

(b) Not an identity 

(c) An identity 



(63) 



Find the solution Si each si 
equations. 

(a) 4 - (3x - 2) * 8 + (-4x + 2) 

(b) 6a - (-2a - 4) * 2a - 2(a + 6) 

(c) -(3A - 8) + 6A * A - (A - *0 



Ihfi following 

- (-2A) “ 7 
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Solution sot Is [4}. 

Check: 4 - (3*4 - 2) 2 8 + (-4*4 + 2) 



4 - 10 2 8 + (-14) 

-6 » -6 true 

• 6 ) 

a + 6) 

+ (- 12 ) 



Solution set Is {-2}. 

Check: 6(-2) - [-2(-2)-4] 2 2(-2) - 2(-2 + 6) 



(c) -(3A - 8) + 6A a A - (A - ‘O - (-2A) “ 7 
<-l)[3A + (-8)J + 6A = A + (-1)(A - *0 + (-1) (-2 A) - 7 
-3A + 8 + 6A * A + (-A) + 4 + (2A) + (-7) 



3A + 8 + (-2A) + (-8) s 2A + (-3) + (-2A) + (-8) 



Check: -[jB(-Xl) - 8j + 6C-11) J -11 - (-11 - 4) - C-2C-11)] - 7 

-(-41) - 66 2 -11 - (-1?) - 22 - 7 

-2? * -25 true 

4.3 INEQUALITIES 

Concept : Classification of Inequalities. 

(1) What Is an inequality ? 

Answer : An Inequality Is a statement that relates 

one quantity to another quantity as Indicated by any 
of the following symbols or their equivalents: ^ , 




8a + 4 = -12 

8a + 4 + (-4) = -12 + (-4) 




-12 - 0 2 -4 + (-2) (4) 

-12 = -4 + (-8) true 



3A + 8 = 2A + (-3) 



A = -U 

Solution set Is {-!!}• 



>.£»>. * 



i04 



(2) indicate how each <2l ill2 f9 u 9 w lQg ll&2l2E*iS 

sentences is l5l5» „ (e) ■ ^ b 



(a) 

(b) 



a <b 

x > y 



(c) 

(d) 



g * P 
k fc a 



Answers : . . . „ 

(a) a < b Is read M a is less than b. 

(b) x > y is read ,f x is greater than y» „ 

• < n Is read "g is less than or equal to p. 

(d) k I £ is read "k is greater than or equal to m. 

(e) a i b is read "a is not equal to b. 



(3) 




(*0 



Answer : It is never true. 

, ^ jSijy egaa^i 

solution ail SL lUSll in i nmiflite * 



fnswer : The solution set is the null set. 



(?) 




Answer: The inequality y T 3 <.V 

regardless of what number is substituted for y. 



( 6 ) 




toll' T he»°lutlon«t 1. identical to th. r.pUc- 
■ent set of the variable. 



(7) 




ilneai 



SL 1H? inequality 
IS replacement Jttl 



1U 



substituted In burn l££ 111? JUlUnifi* 
tnnwAVi If any number less than 7 i* substituted for 

S r?r.u&»;or 

k, the inequality is false. 



( 8 ) 




Answer: The solution set is a proper *“ t> ** t 

replacement set. The solution set consists of at 



10 ? 



least one, but not all, of the elements In the 
replacement set. 

(9) Classify each S>1 IbS following u an absolute 

Inequality , an Internally Inconsistent Inequality. 

fff fpgw «-»>-< 

(b) g - 1 / 1 - g (e) y + 3 > y 

(c) X < X 
Answers ; 

Ta) Absolute Inequality 

(b) Conditional inequality 

(c) Internally inconsistent inequality 

(d) Conditional inequality 

(e) Absolute inequality 



Concept : 
( 10 ) 



Properties of inequality. 



(ID 



( 12 ) 



(13) 



(14) 



< It ll tes difference * - 2 positive. 

2 , <21 2211 2 ? 

Answer : The difference y - x is positive, y - x > 0. 

lbs dsllnltlan si litas in equality , teas than* Is 
that 2 < 1 11 SM S£l5 11 1 - 2 > £• ftCSte-tS -this 
definition m las sentences . 

AnsHSE* If X < y, then y - x > 0. 

If y - x >0, then x < y. 

Indicate ghateas sasta si tea relations a < , and 
1 Is reflexive , symmetric . aM/SC transitive. 



Angwgt;: 

Relation 

¥ 

< 

& 



Reflexive 

No 

No 

Yes 



Symmetric 

Yes 

No 

No 



Transitive 

No 

Y03 

Yes 



* 5 ? 



which si tea following describes, an ataaslate 



ou 



Dhe solution set is the null set. 

(b) The solution set is a proper subset cf the 
replacement set. 

(c) The solution is identical to the replacement set. 
A agWflT.i (c) 

11 a jm&U slates that tea Inequality 2 + 16 > 5 
la an Pbaoluta lnannallte because xban he substituted 
tea numbers -8 f - 2 . o. 6. a, and 12 each in turn £o£ 
tea Variable, tea Inequality MAA A true statement each 
teas* Mas tea pupil correct II tes rap la cement ast 
H tes sat slxsal numbers? 

Answer : No, the pupil was not correct. When any num- 

ber less than >11 is substituted for the variable, the 
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( 15 ) 



( 16 ) 

(17) 



( 18 ) 

(19) 



( 20 ) 



( 21 ) 



inequality is false, x + 16 > 5 is not an absolute 
inequality because its solution set is not identical 
to the replacement set. 

Hov can MS show an inequality ifi AH afrgPlUtS 
inequality? 

Am war* Bv showing there is at least one element in 
the replacement set which is not in the solution set. 

What Xl tfcfi definition XiiS IrWIUsUta S < & 

Answer ? a < b if and only if b - a > 0. 

JX MS can prove that K “ H ^ bAYS MS PP9 - V . 9 . 0 
that jb <K? 

Answer * Yes ^ according to the definition of this 
inequality 

How can MS prove X&Ai (2 + S) < + X )? 

Answer : By proving (y + z) - (x + z) > 0. 

Tn »nv inequality invo lvi ng X MS JUUfeSZA* JUlSll AA 

12 < XsXh Alto xl 

1 tv » la jihs resulting .InSQUflUta X£J12 ? 



Answer,: Yes 

To anv inequality Involving 
12 < 32 , subtract AHY JgMBbtt ~ 



A. V ^ A. / e g w-v-w “t‘ r J 1,1 MM ■ mmt tm mmm — 

inequality , la XllS resulting in.gflll 
Answer : Ye 3 




.•a AAfib AS 
aides <2l UlS. 
true ? 



Does it appear that Inequalities any MlLft AH 
additive property like additive properly XSI 
equations? 



( 22 ) 

(23) 



Apswer : It appears that this may be true. 

IX s < y> MbiX xin is saIsL AtaX 2 - * ? 
Answer : If x < y, then y - x > 0. 

writ, u »gutyi>ni wcw« l. ;n Xac (x + i> - 

(2 + i)XHiX contains ns SMSSJOiSSMSS* 

Anav.n (y + *> - U + i> » r * * + <-*> + <’*> 



( 24 ) 



IX x <y» Xbso y - 2 >£• MaXXtaXs 
( v + j) - (2 + Irxsi Xba Afli*lYtt]jBwxprta«lga 
In t hs Inequality y - S > £• JlX 2 < X» abiX XX 



Jn XbS inequality y - 5 > £• 
aaldsbout (y + i) - (2 + X)? 

gnawer : If x K y» then (y + z) - (x + *) ^ 0. 



— * “ 2 
can iS 
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(25) 



If x < 2, then (jr + a) - (x + a) > JT (v + 3)- 
(2 + jlT ? 0, vhat Is the relation between (% + £) 
and (x + zj? 



Answer : x + z < y + z. 

(26) Therefore . i£ x < what is the relation between 
(x + z) and Tv + z)? 

Answer : If x < y, then x + z < y + z. 

(27) Summarize £&£ proof that 1£ Z < I then 2 + 2 < 

X + £• 

Answer : If x < y, then y - x > 0 

(y + z) - (x + z) = y - x 
If y - x > 0 then (y + z) - (x + z) > 0 
If (y + z) - (x + z) > 0 then x + z < y + z 
Therefore, if x < y, then x + z < y + z. 

(28) Prove that XIx + z<a;+z, then x <£. 

Answer : If x + z < y + z then (y + z) - (x + z) > 0. 

(y + z) - (x + z) = y - x 
If (y + z) - (x + z) > 0, then y » x > 0 
If y - x > 0, then x < y. 

(29) His stalassnt "s < i II aM gniy ix x + & < * +r 

la the additive property of Inequalities. Restate the 
principle In two sentences . 

Answer : If x < y then x + z < y + z. 

If x + z < y + z, then x { y. 

(30) Restate the additive property o f Inequalities 
In a word sentence . 



Answer : If any number is added to or subtracted from 

both sides of an Inequality the solution set of the 
resulting Inequality Is the same as that of the 
original Inequality. 

( 31 ) Applying the additive property si Inequalities . 

find the solution sets of each of the following . The 
solution set may be expressed In set builder notation 
such as {3£|x <5}. 

(a) x + 3 <-H (b) y - 9 > -6 (c) 2b-5£b+3 



x + 3 <-U 

x + 3 + (-3) < -U + (-3) 
x < -14 
Solution set Is {x|x {-14}. 

(b) y - 9 > -6 

y + (-9) + 9 > -6 + 9 
y > 3 

Solution set Is {y|y ^3}. 



Answers 

(a) 
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(c) 




L# mm V 

Solution set is {b|b 5.8}. 



Concent : If x < y, and if z > 0, then xz < yz. 

(32) Multiply both sides £l Dl& inOflUaUtY 5 < 2 l23t 
6. Is J&e new inequality 

Answer: 5*6 < 7*6 

30 < 42 

The new inequality is true. 

(33) Mnltinly both sides of 1&2 IgegwUlY 5 . < 2 II 
zero . Is IllS £2H inequality true? 



Answer : 5*0 < 7*0 

0 < 0 

The new inequality is not true. 



( 3*0 



Answer the following questions. 

(a) Can both sides of an inequality involving vhe 
relation, less than, be multiplied by zero with' 
out creating a false statement of inequality. 

(b) What other types of inequalities have the same 
property? 



Answers* 

(a) No. When both sides of any inequality involving 
the relation, less than, are multiplied by zero, 
the new inequality formed becomes 0 < 0, which 
is false. 

(b) When both sides of any inequality involving the 
relations, "is greater than" or "is not equal 
to" are multiplied by zero, the resulting 
relation is false. 

(35) Multiply both sides Hlfi inequality 5 < 1 lY 

-3. la His new lneoua lity true? 

Answer: (5)(-3) < (7)("3) 

-15 < -21 

The new inequality is false. 



(36) When both sides s£ Sfl inequality Involv i n g ”12 

lass than " or " is greater than " are multiplied 1 y A 
negative number . la the new inequality 1D1£? 



Answer : No 



( 37 ) 



II Y < Y» then Y - x > 0. H z > <2, 01121 

(Y ■ i)z be positive or negative ? Why? 

Answer : If z > 0 and y - x > 0, then (y - x)z must 

be positive because the product of two positive 
numbers is always a positive number. 



(38) II 2 <y what can be said about (y ” l)*? 
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Answe r: If x < y, then (y - x)z > 0 for all z > 0. 

(39) Write an expression equivalent to (v - x)z. 

Answer: yz - xz 

(40) J[£ 2<X» what am iS said about £2 - xz? 

Answer : If x < y, then yz - xz > 0 for all z > 0. 

(41) XC 2£ - 22 > £» what la Ul£ relation between 22 
2nd £2;? 

Answer: xz < yz. 

(42) II 2 < 2 and 5 > fi, xbal la ihe relation between 
xz and yz? 



Answer : If x < y and z > 0, then xz < yz. 

(43) W rite a summary of the proof that H 2 <2 and 

3 >£» than £2 < 22. 



Answer u If x < y then y - x > 0 

If z > 0 and y - x > 0 then (y - x)z > 0 

If x < y and z > 0, then yz - xz > 0 

If yz - xz > 0, then xz < yz 
Therefore, If x < y and z > 0, then xz <yz. 

(44) £122* that II xz <£z and z > £, then x < £. 

Answer : If xz < yz, then yz - xz > 0. 

If yz - xz > 0 then (y - x)z >0 

If (y - x)z > 0 and z > 0, then y - x > 0 

If y - x > 0, then x < y. 

Therefore, If xz < yz and z >0, then x<y. 

(45) II £ > £, Ilian 2 < 2 II And only II 2£ < 22* 

IMA is .on# Sill nl the, Bultlpllcatlve property nl 
Ipeflu^ 1} t j.eg . Restate this property In two sentences . 



( 46 ) 



Answer : If z > 0 and x < y, then xz < yz. 

If z > 0 and xz < yz, then x ^ y. 



Restate this nl Ihfl multiplicative property 

£l lneoua lltles In a word sentence . 



Answer: If both sides of an Inequality are multiplied 

by or divided by any positive number, the solution set 
of the resulting inequality is the same as the solu- 
tion set of the original inequality. 



(47) Using this ja£t nl the multiplicative property 

nl Inaaua iUlOS> find ins solution ASi J2l each nl the 
following . 

(a) 6x > -12 (b) ^ < y - 9 (c) 7b - 5 S 3b + 8 
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Answers : _ r , 

(a) {x|x > -2} (b) {y|y>42} (c) £ b l b 

Concept : If x < y and z < 0, then xz > yx. 



(48) 



(49) 



(50) 



(5D 



(52) 



Multiply man xUtai al ihfl ln?auall lx -k <2fcz 
-5. Muitinig fcaib ai^aa al ^ J^paliix 12 > 2 £x 
-3* Are the new inequalities iFUft * 

Answer : No, the new Inequalities are false. 

(a) 



(b) 



Answer tig following : 

If we multiply both sides of any true inequality 
involving "is greater than" or is less than, 
such as 5 < 6, by a negative number, is the 

resulting inequality true? 

What change must be made in the resulting 
inequality to make it a true statement? 



Taf 



(53) 



(54) 



( 55 ) 



No, the resulting inequality is false, |t . „ 
(b) The inequality sign must be reversed. „ T 5,. 

sign must be changed to > and the * sign 
changed to " 4 "• 

II x <x, ftsa x - * > 2. II 2 <2, 

(X ” 2>2 positive SL MaZ ? 

Answer: If z < 0 and y - X > 0 then (y - *)* ®“ st _ b ® 

negative because the product of a positive number and 
a negative number is always a negative number. 

TfrO and z <2 then (x - 2)2 < 2* 
wnnl volant statement that dflfia mil CQn^alfl SilSlMWa* 

Answer : If x < y and a < 0 then ya - xz < 0. 

II X2 - 22 <2 la Ibfi expression -(X5 - 22) 
positive ££ HSCAllZfi? 

Answer : If ya - xz is negative, its opposite or 

inverse -(yz • xz) is positive, "(yz °* xz ) ^ 0. 

Tf yz -252 <2 then -(X2 * 22) ) 2; MlAJtX 2H 
«>n ni valent and simpler expression X&E -(X2 - 22) > 2* 

Answer: -(yz - xz) - xz - yz. ^ „ 

Therefore, if yz - xz < 0 then xz - yz > 0. 

II XS "22 <2 then 22 " X2 ) 2» Mhil Is. lbs 
relation between 2(2 lM X2 ? 

Answer : If xz - yz > 0, then yz < xz or xz > yz. 

II 2 <X 2H& 2 <2» what Is. J&2 
22 2M X2 ? 

Answer : If x <y and z <0, then xz > yz. 



Ill 



(56) 



Write a summary the proof ibal II 2 < 1 iM 
1 <£ iMfi > £5- 

Answer : If x < y then y - x > 0. 

If z < 0 and y - x > 0 then (y - x)z < 0 
(y - x)z * yz - xz 

If x < y and z < 0 then yz - xz < 0. 

If yz - xz < 0 then -(yz - xz) > 0 
-(yz - xz) = xz - yz 
If x < y and z < C then xz - yz > 0 
If xz - yz > 0 then yz < xz 
If yz < xz then xz > yz 
If x < y and z < 0 then xz > yz. 

(57) £ecis Ibal II 22 > xi sod i < Q Ibsa 2 < x- 

Answer : If xz > yz then yz < xz 

If yz < xz then xz - yz > 0 

If xz - yz > 0 then -(xz - yz) < 0 

-(xz - yz) » yz - xz 

yz - xz = (y - x)z 

If xz - yz > 0 then (y - x)z < 0 

If z < 0 and (y - x);s <0 then (y - x) ^ 0 

If (y - x) > 0 then :* < y 

Therefore, If xz > yz and z < 0 then x ^ y. 

(58) II 3t < £ then 2 < 2 II iM only il is > yz . This 
is l&s laaand ME! £i lbs BunipU?tUv<? pr.gptrtz si 

Inequalities . Restate this property In two 
sentences. 

Answer : If z < 0 and x < y then xz > yz. 

If z <0 and xz > yz then x < y. 

(59) Bwtate lbs ibsgg sail si lbs aallisllstilsp 

property of Inequalities In j| word sentence . 

Answer : If both sides of an Inequality Involving 

"Is greater than" or "Is less than" are multiplied or 
divided by any negative number and If the Inequality 
relation Is reversed In the resulting Inequality, 
then the solution set of the resulting Inequality will 
be the same as the solution set of the original 
Inequality. 

(60) E1M Ibft SfllM&lflD Hi Si SASb Si lbs following 

ao - 7 ->o (c ^< 20*3 
-3 -3 — 



Answers : 

(a) 

(b) 



[x|x >12} 
fw|w <0} 

(C) {c|C 2 - |^ 



Concept : Solution of Inequalities containing absolute 

value* 
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( 61 ) 



Write two equations not Sgntflftniag 
value^that jtt guRffiSt £fi flit WtiW ffl 111 " A- 



Answer : 



a = 8 and a = -8 



(62) a i* 

the a filiation U.S.H SSilHlSS? HS.H 22ISL- 1 
lA negative? 

Tf c is a positive number, the variable x 
tJffSJual c and thS inverse of c, and the solution 

set Is {c, -c}. If c is zero, the solution set is 
{0}. If c is negative, the solution set Is 0. 

(63) Consider IDs <npau.lltyl£l > 1. HbliS 

Answer : The solution set Is [5»*S3»2,-2,-3, - ^» - 5}* 

(64) Write a statement nat cgntti Olm l^gplut? Vil li 
that la univalent i£ l£| > !• 

. n « uap . v > 7 or y C -7* The solution set consists 
of any* number greater than seven or less than -7. 

fnc\ Describe the solution set fit 111 ^ i ^ 

(65) lnt .r?Sfti^o^nl3IaIimasla II i mmtnti » 

variable and fc il 1 llVlB PMUlVl HUlfelE. 

Answer: The solution set of |y| >* 

t ue s et f yly > kt and the set {y|y <-*}» where y is 

the variable and*k is a given positive number. 

(66) Find ilia solution aal i£ iisli sL JaUaslaL * 

(a) |S|>V (b) |v + 2|>5 (O |7*| >W 

Anaxm* , » « 

(a) [A|A > 4 or A < -M - 

(b) v +*2 > 5 or v + 2 < -5 

v v >3 - V <-? 

jit 



(c) 



Solution set is {v|v > 3 or v < -7}. 
7g>l0 or 7g < -10 

g >ifi * 



g > AU s “ 7 

Solution set ls^g|g or g 



( 67 ) 




fnswer : {3»2,l,0,-l,-2,-3} 
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(68) Write * statement containing iS £2 InmailUM , 
wlj:h no absolute value symbols that Is. MVl v fl Wflt ifi 

Answer: x < 4 and x > - 4 . The solution set consists 

of any number less than 4 and greater than - 4 . 

(69) Describe the solution iafc 111 < & ill ifiEBA SL 
intersection or union of two seta IX 1 £fiB£glAH&l A 
variable and fc represents A BgglUYfi nUAg fi£« 

Answer : The solution set of |x| < k where k is a 

positive number is the Intersection of the set 
[x|x < k} and the set {x|x >-k}. The solution set 

is {x| -k < x < k}. 

(70) Find tljg solution Afit ^acji s£ Xllfi XfiilfiliiSfi* 

(•) I A I < 4 (c) ,7n 10 

(b) |v + 2|<5 (d) |19 w|< 0 

Answers : 

(a) {Al -4 < A < M 

(b) v + 2 < 5 and v + 2 > -5 

v < 3 v > -7 

Solution set is [v |-7 <v < 3 }. 

(c) 7n < 10 and 7 n > -10 

n n >-^ 



Solution set 



is£n|_ ]& 



< n <•“}■ 



(d) 



0 . There is no expression whose absolute value 
is a negative number. 



Teacher Notea 
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